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Abstract

In this project we will give a comprehensive introduction to inverse problems and
Markov chain Monte Carlo methods. We will begin by introducing inverse prob-
lems and how to solve them, focusing on the Bayesian inference approach. Then
we will argue for the value in using Markov chain Monte Carlo methods when
using this approach, thus shifting the focus of our project onto these methods.

We will begin by first introducing Markov chains to ensure that the reader
has the appropriate background to understand the theory behind these methods.
Then, we will shift our attention to Markov chain Monte Carlo methods, in
particular to the Metropolis Hastings algorithm. Subsequently, we will propose a
different set of Markov chain Monte Carlo methods called non reversible samplers.
These, as we shall see, have highly desirable properties. We hope to persuade
the reader to use these methods by comparing the performances of these different
algorithms in a series of illustrative examples. To conclude, we look will look at
inverse problems in imaging.
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Chapter 1

Introduction

Inverse problems and Markov chain Monte Carlo methods are vast fields we will
only begin to scratch the surface of.

One of the first appearances of an inverse problem was in the discovery of
Neptune in 1846, by Le Verrier [3]. It was found by observing irregularities in
measurements of Uranus. This encapsulated the essence of inverse problems;
determining casual factors from observed data. Since then, inverse problems are
present in a range of different domains in science, such as astronomy, physics
[35], and computer vision [34], drawing tools form various different branches of
mathematics to solve these problems.

Markov chain Monte Carlo methods are a class of algorithms that let us sam-
ple from some desired probability distribution. They make use of some valuable
properties of Markov chains in order to achieve this. The first of these novel algo-
rithms was proposed by Nicholas Metropolis in 1953 [27], known as the Metropolis
algorithm. Then, in 1970 this method was generalized by Wilfred Keith Hast-
ings [20] to the well known Metropolis Hastings algorithm. These methods are
still an area of active research, for example, in the development of non reversible
samplers [25].

This project will explore both of these areas in the hopes of achieving the
following; Firstly, we hope that the reader will understand what inverse problems
are and the methods of solving them. Furthermore, the reader should be able
to reformulate inverse problems using the Bayesian inference approach, which
in turn will give rise to the inherent need to use Markov chain Monte Carlo
methods. Secondly, the reader will be able to comprehend what Markov chain
Monte Carlo methods are, why they would want to use them and how they work.
In particular, they should be able to understand and implement the Metropolis
Hastings algorithm. As well as recognizing the importance of appropriately tuning
its parameters. Furthermore, we will introduce novel sampling methods called
non reversible samplers. We hope that the reader will understand the importance
these algorithms in the larger field of sampling methods and how to implement
them. Moreover, we hope to motivate them to use these non reversible sampler
through a series of examples. Finally, we will put everything we have learnt
throughout this project to solve inverse problems in imaging. We hope, that by
the end of the project, the reader should able to understand how to formulate
and solve inverse problems in imaging.



Chapter 2

Inverse Problems

2.1 What Are Inverse Problems?

Inverse problems attempt to determine casual factors from observed data. This
can be thought as a mapping between objects of interest, which we call unknowns
u, and acquired information about these objects, which we call observations or
measurements y. Intuitively, we are interested in reconstructing the unknowns
from the measurements.

Before going further, it is also important to understand what is the antony-
mous of an inverse problem? One can think that the opposite of an inverse
problem is precisely a forward problem: the problem of calculating what should
be observed for a particular model [1]. We can use Figure 2.1 to illustrate the
idea.

Forward Problem: G(u)

O T

Inverse Problem: G~!(y)

Figure 2.1: Visual representations of Inverse and Forward problems.

We can see that an inverse problem is concerned with going from observed
data y to finding the unknowns u. The forward problem goes from the unknowns
u which undergo the forward operator G thus creating an observation y which is
what should be observed.

What is important to understand is what exactly is G? In our case G is the
forward operator. This is a mathematical model of a process, which can be a
linear or non-linear transformation of the unknown .

We can now give a general mathematical framework for inverse problems. We
are interested in the following problem: given observation y € Y we want to find
the unknowns u € U such that they satisfy the following equation:

y=Glu)+n (2.1)

2



Introduction to Inverse Problems and Markov Chain Monte Carlo Methods 3

We incorporate noise 7, which arises due to inaccuracies in the measurement,
and we are given a forward operator G. U and Y are Banach spaces which
depend on the application. In many cases the observation space Y is usually
finite dimensional and the parameter space U can be either finite dimensional or
infinite dimensional.

However, the difficulty to solve these inverse problems arises from two main
problems. The first one being that G~1, does not exist or is not continuous. As
a result, one cannot simply nvert the forward operator to solve the equation for
u.

Secondly, the observation y, in many cases, has additive noise. Noise can arise
due to many reasons when we are observing the data. A possible source of error
is, for example, measurement error. In many cases we do not know what the
value of the noise 7 is or don’t know what type of distribution it belongs to. As
a result, we need to account for this noise in our equations for inverse problems.

Polynomial fitting

Here we will give an example, in particular Polynomial Fitting, that can be
thought of as an inverse problem when formulated correctly. This example was
inspired by the notes [47] and applied to the inverse problems setting.

In this problem suppose that we are given a set of observations y = {y1, ..., yn }
and a set of inputs a = {ay, ..., a,}. In this case we wish to find the degree n — 1
polynomial that goes through these points. In particular, this is the same as
finding the coefficients x; € R" such that:

yi = o1 + 2a(a;) + 23(a;)® + .. 4 z(a)" ! (2.2)

As a result, this corresponds to solving the linear system Az = 3, where © € R" is
the vector containing {x1, ..., z,,} which are the coefficients we are trying to find,
likewise § € R™ is the vector containing {y1, ..., ¥, } observations and the matrix
A € R™" is the n x n Vandermonde matrix with entries a;; = a]~". This holds
true because:

A= < (A2);=(9); < > a 'z;=y (2.3)
j=1

Therefore, the inverse problem is to find the unknowns & € R", the coefficients
of the equation, when we are given A € R™*™ and y € R".

2.2 Well-Posed and Well-Conditioned Problems

In this section we will introduce the definitions of what we mean when we refer
to problems as well-posed and well-conditioned, it is particularly important
to understand these definitions when dealing with inverse problems.

Firstly, what is important to understand is what is meant by a well-posed
problem. We will use the definition by the mathematician Jacques Hadamard, to
define a well-posed problem [26]:
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Definition 2.2.1 (Well-posed problem). A problem is said to be well posed if it
obeys the following three properties :

1. It has a solution.
2. The solution is unique.

3. The solution’s behaviour depends continuously on the initial conditions.

Properties 1. and 2. are self-explained. However, we can elaborate on prop-
erty 3. Suppose you have two different set of observations y; and 1,, when solving
the problem we get two solutions for each set of observations, supposing 1. and
2. hold. Lets call these solutions uj and uj. Then we can say that the solutions
behaviour depends continuously if ||uj — uj||, — 0 as ||y1 — y2||, = 0.

As a result, ill-posed problems are ones that fail to satisfy one of the above
properties.

We can now define what is meant by well-conditioned problem [13]:

Definition 2.2.2 (Well-Conditioned problem). A well-conditioned problem is
one where a small change in the input u produces a small change in the output
y. This can be illustrated mathematically:

G(u+du) =y+ 0y (2.4)

That is a small change du results in a small change dy. However, this depends
on the linearity of G.

Therefore, ill-conditioned problems is one which a small change in u (du) can
result in a large change in y (dy). The bound on the relative error is given by
[13]:

[lullp [yl
Where u = G~ 'y and du = G~1dy. We can see that the relative change is bounded
above by k,(G), the condition number of the matrix G. “The condition number
of a problem measures the sensitivity of the solution to small perturbations in
the input data” [21]. This is given by r,(G) = [|G||, ||G!||, [21]. This measures
how close a matrix is to being singular. Note that for ill-conditioned matrices the

condition number is large. Therefore, if £,(G) is small then 12ulls is small when

[lllp
% is small. Therefore, well conditioned matrices will have a smaller bound on
the relative error.
In the next section we will introduce methods to solve inverse problems. We
will see that the notions of ill-posed and ill-conditioned problems will be used
throughout when solving inverse problems. In particular, we want our problems

to be well-posed and well-conditioned.

2.3 Solving Inverse Problems

In this section we will be discussing two approaches to solve inverse problems.
The first one being the optimisation approach and then give a brief motivation

4
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as to why we would want to use the Bayesian inference approach.

2.3.1 Optimisation Approach

The main idea behind the optimisation approach, is to find unknown values such
that they minimizes an objective function. Formally, we want to find unknowns
u that give predictions G(u) which best predict the observed data y. As a result,
we can formulate the optimization problem as:

u = arg min,p ¢ (G(u), y) (2.6)

The misfit function v usually measures the distance between prediction G(u)
and the observed data y. Common distance metrics which can be used include,
the L' norm or the squared L? norm, which gives an indication of how close the
predictions are to the observed data.

What is also important to note is that we need to approximate or know what
the forward operator G, such that we can transform the unknown u. Usually
one needs to have knowledge of the application domain to find such a function
[22]. However, it could be the case that we do not. As a result, how do we
determine what is the forward operator G given the observations y? To find
the forward operator one can use these three principles proposed in Solution of
wnverse problems with limited forward solver evaluations: a Bayesian perspective.

[7]:
1. “Observe the forward operator on a well-selected set of input points.”
2. “Build a surrogate based on your observations.”
3. “Use the surrogate to pose and solve the inverse problem.”

Common examples that use the principles mentioned above are generalized poly-
nomial chaos surrogates and Gaussian processes, amongst others. The problem
of these approaches is that they require a large number of iterations to construct
a surrogate such that it is a good characterization of the forward operator G.

Furthermore, in many cases, the formulation of the optimization approach
often leads to ill-posed/ill-conditioned problems. We introduce two examples to
illustrate this.

Il1l-posed problem

In this case, we are solving the inverse problem where we are choosing the naive
optimisation approach. That is we are trying to minimize the squared L? norm
which is the misfit function v in this case. The solution to the problem is given
by:

u* = arg min, ey ||y — G(u) (2.7)
But this optimization problem is typically ill-posed [46]. This is because there

could be more than one u that solves this problem, this means that there is not
a unique minimizer. Furthermore, u in many cases not depend continuously on
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y. Finally, it is well know that the problem is ill-conditioned, since small changes
in y can lead to large changes in u [32].

Ill-conditioned problem

This an example, to show that inverse problems are ill-conditioned. We will use
the problem of Polynomial Fitting, which was introduced in section 2.1.

In fact to solve this problem we are trying to solve the least squares problem of
finding an 2 € R" such that it minimises || — Az||3 when we are given A € R™*"
and y € R", these are the same as in the previous example. As a result, we are
trying to find the coefficients that have the closest fit to the observations.

We know that this problem has a unique minimizer if and only if A is of full
rank [47, p. 42], that is A is an over determined system. The solutions are then
given by the normal equations [47, p. 41]:

AT Az = Ay (2.8)

As a result, if ATA is an ill-conditioned matrix then small changes in 7 result
in large changes in . This is a direct consequence from the perturbation result,
equation 2.5. In fact, we know this is the case since A is the Vandermonde matrix
which is typically ill-conditioned.

As a result we need to find ways to solve ill-posed/conditioned problems. Regu-
larization can be used to help tackle this ill-posed problems. Regularization takes
into account a priori information on w. Acting as a reqularisation term, R(u),
which is added to the optimisation problem [15]:

u” = arg min,e; ¥ (G(u),y) + aR(u) (2.9)

In this case a > 0 is a constant term which is used to find a balance be-
tween the prior knowledge and fitness to the data, if there is a lot noise on the
observation y we usually increase « [52]. Likewise, if we know that there is little
to no noise on our observations y then we make o small such that we give more
importance on finding u such that it has a better fit to the observation y. Typical
regularization terms include ||u||; and ||u|]z2 but need to be chosen carefully for
the given problem.

To conclude, the optimisation approach has three main components that we
need to decide on. First we need to find a forward operator GG that predicts
the observation y. Secondly we need to define the misfit function ¢ to measure
how well the model fits to the observations y and finally we need to define an
optimisation algorithm to find v which optimizes the objective function.

There are several other challenges that the optimisation approach faces. One
of them is scaling with large problems. An increase in the dimensionality of
the problem can cause issues with over fitting and computational complexity of
the algorithms [51]. Another issue rises with choosing the correct regularisation
term R(u), which needs to be chosen carefully for the particular application.
Furthermore, and perhaps more importantly, since we are solving for some value
u this approach can only produce a point estimate of the unknown parameter,
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which in many cases is sufficient. However, what if we want more than just a
point estimate? As we shall see in Chapter 3, the Bayesian Inference approach
allows us to do so.

In this chapter we have introduced what inverse problems are and how we can
solve them by using the optimisation approach in the next chapter we will shift
our attention to the Bayesian Inference approach.



Chapter 3

Bayesian Inference Approach

In this chapter we will give an overview of the Bayesian inference approach to
solve inverse problems. We will being by motivating the reader as to why they
would use this approach. Then, we will discuss the importance and how to find
the main components of this approach: the Prior, the Likelihood and the Posterior
distribution.

3.1 Motivation

Before diving deeper into this approach it is vital to understand what Bayesian
statistics is and difference between the frequentist interpretation of probability.
To be concise Bayesian statistics allows people to update their beliefs in the
evidence of new data [10], while the frequentist interpretation of probability views
“probability as the limit of the relative frequency of an event after many trials”
[30]. The Bayesian approach is exactly what we want. We can incorporate
information about the unknown parameter u through the prior.

What is important to understand is why we are using this approach and what
do the solutions look like. The main objective of Bayesian inference approach is
to “extract information and assess the uncertainty about the variables with the
knowledge available” [23, p. 49]. In turn, this means that the Bayesian inference
approach is based on the following principles [23, p. 49]:

1. “All variables included in the model are modelled as random variables.”

2. “The randomness describes our degree of information concerning their re-
alizations.”

3. “The degree of information concerning these values is coded in the proba-
bility distributions.”

4. “The solution of the inverse problem is the posterior probability distribu-
tion.”

The last principle is perhaps the most important and where this approach is
set apart from others. As mentioned before the optimisation approach produces
a point estimate. In this case, the solution is given as a posterior probability
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distribution, which we will denote as m(u|y). This can be used for uncer-
tainty quantification in the inferred parameter u. Furthermore, the posterior
incorporates our knowledge of the unknown u through the prior. This is par-
ticularly powerful since we can express one’s beliefs about the unknown u before
the observations y have been taken into account.

Another advantage over the optimisation approach is that the inverse prob-
lems are now well-posed [23, p. 50], in the sense of Hadamard, definition 2.2.1:

1. There exists a unique posterior distribution for all y € R%.

This is particularly powerful since for any y we are ensured that there is
a unique posterior distribution for our problem. As we have seen, when
using the optimization approach, it could have been the case that where
are several minimizers for the misfit function ||y — G(u)||3. The way that
the posterior distribution takes care of multiple solutions is through mul-
tiple modes. That is, these points are peaks in the posterior distribution.
This is highlighted in subsection 3.3.2 which shows the connection between
the optimisation approach and the Maximum A-Posterior estimate of the
posterior distribution, justifying this statement.

2. The posterior distribution depends continuously on y.
This has to do with the third point of the definition 2.2.1 of well-posed
problems. If the likelihood L(y|u) is locally Lipschitz in y [31], then:

|7 —7¥|rv < Clly =¥z (3.1)

Where || - ||rv is the Total Variational Norm which is defined in Chapter
4 definition 4.3.1. 7Y is the posterior distribution under observation y,
likewise ¥ is the posterior distribution under observations v’

As a result, these are the some of the reasons we would like to use the Bayesian
inference approach to solve inverse problems. In the next section we will give the
general framework to formulate these problems.

3.2 Framework

In this section, I will give an overview of how to formulate inverse problem such
that they can be solved by using the Bayesian inference approach. The goal of
the Bayesian framework is to find a posterior distribution 7(u|y). A distribution
of the unknown u given observations y.

Previously, we have defined our problem in equation 2.1 as y = G (u) + 7,
where we wish to find u given the observations y, by taking into account the
noise 7. Here, we assume that v € U and y € Y, come from some continuous
distributions U and Y. We will use the notation m(u,y) to denote the joint
probability density of U and Y. In this case all random variables are continuous.

We first need to define a prior density on u. We will call it m,.(u). The prior
density is what we know about the unknown w prior to the observation y. This
needs to be chosen carefully for the application and is often the most challenging
part of the framework, which will be explained in subsection 3.2.1.
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Secondly, we need to define the likelihood of the observation y. We can call
this L(y|u). This is the conditional probability on y given wu.

We will make use of the chain rule for probability throughout to derive the
posterior distribution 7(u|y).

Definition 3.2.1 (Chain Rule for Probability). If we have two random variables
X and Y, then the following holds true:

P(X,Y) = P(X|Y)P(Y) (3.2)

Therefore, by using definition 3.2.1 we can define the likelihood by:

Liyln) = ™99 5 o ) £ 0 (3.3)

Tpr (1)

Finally, assuming that the measurement is given. Then the posterior distribu-
tion of u is given by the following formula, that is the distribution of u given y,
by using definition 3.2.1:

_m(wy) o

We can rearrange equations (3.3) and (3.4) like so; L(y|u)m,.(u) = 7(y, u) and
7(u|y)m(y) = 7(u,y). Then, we can equate them by using the fact that 7(y,u) =
7(u,y) to derive Bayes theorem of inverse problems [23, p. 51]:

L(y|u)mpr ()

() (3:5)

L(ylu)my(u) = m(uly)n(y) <= w(uly) =

Theorem 3.2.1 (Bayes theorem of inverse problems). Assume that the unknown
u € U has a known prior probability density m,.(u) and that we have observations
y € Y such that 7(u|y) > 0, where U and Y are continuous distributions. Then
the posterior probability distribution of u, given the observations y is given by:

L(ylu)mpr (u)

) (3.6)

m(uly) =
What is important to notice is the expression of the normalizing constant can be
given by:

w@—/meM—/g@mmwu (3.7)

The normalizing constant is used to ensure the probability density function
has a probability of one when integrated over the state space. However, this
expression is generally intractable and cannot be calculated explicitly. In many
applications, as we shall see, this will pose problems when we need to calculate
equations that involve it directly. Therefore, we have an expression proportional

10
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to the posterior distribution:

m(uly) o< L(y|u)my, (u) (3.8)

As a result we need to find ways to explore the posterior distribution without
having to worry about the normalizing constant, as we shall see in Chapter 4.
To conclude, solving an inverse problem with the Bayesian framework can be
reduced to three main tasks which are directly related to Theorem 3.2.1 [23,
p. 52]; First, by using our knowledge and the prior information available on the
unknown u, we use this to find an prior probability density m,.(u). Secondly,
we need to find a likelihood function, L(y|u), for the observations y given the
unknown u. Finally, we need methods to explore the posterior distribution such
that we can produce point estimates or carry out uncertainty quantification. In
next subsections we will give details on finding a prior and the likelihood function.

3.2.1 Prior Models

This is perhaps the hardest part of the Bayesian inference approach to define. The
problem with finding an prior density in inverse problems usually comes from the
essence of the prior information we have. In many cases our knowledge of the
unknown is qualitative, thus transforming it into a quantitative form is where
the difficulty lies. In many cases, this requires knowledge from people within the
domain that the problem comes form.

As a result, picking a prior is hard. To find a prior 7,.(u) we aim for it to
have the following properties [23, p. 62]. Let E be the set of likely observations
u and U’ the set of unlikely observations ', then:

Tpr(u) > e (u') where u C E o’ C U (3.9)

What this is telling us is that the prior distribution should be larger for values
we expect to see thus assigning higher probabilities to these with respect to
observations that are less likely to occur. Typical prior models include, Gaussian
Priors, Markov Random Fields [4] and Non Informative Priors [45].

Non Informative Priors are particularly useful when there is not sufficient
prior information about the unknowns u. Thus, it is difficult for us to interpret
them as a probability distribution. Then, in many cases, we would like to exclude
this knowledge since it may effect the posterior distribution, in an unexpected
way. Since the Bayesian inference approach needs the presence of a prior. The
objective of these is to have a small impact on the posterior distribution.

3.2.2 Likelihood Functions

In this section we will discuss how to construct likelihood functions. To do this
we need to examine the general inverse problem given by equation 2.1. As we can
see, we are assuming additive noise since we are adding the random variable 7 to
the end of the expression. Moreover, we assume that the probability distribution
of the noise 7 is known. Furthermore, we assume in this case that v and 7

11
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are mutually independent. Throughout this section we will call the probability
density function of the noise m,4ise (7).

By rearrange equation 2.1 we have that y — G (u) = n. Therefore, it must be
the case that y — G (u) is distributed in the same way as 7, since they are equal.
Then, if we fix 4 and use the independence assumption of u and 7 then we ensure
that when y is conditioned on w it is distributed like 7. As a result, we get an
explicit expression for the likelihood:

L<y|u) = 7Tnoise(y -G (u)) (310)

Therefore, if we use Theorem 3.2.1 and assume we have a prior distribution.
We can substitute the likelihood function in equation 3.8 to get the following
expression for the posterior distribution:

T(uly) X Tpoise(y — G (w)) T () (3.11)

We have written the posterior distribution as a function which is proportional to
the prior distribution times a known distribution of the noise. Note that, in many
cases the noise is not additive but multiplicative, that is, y = nG (u). Therefore,
techniques such as variable splitting and constrained optimization [8] can be used
to take care of multiplicative noise.

3.3 Estimators

We have shown how to find the posterior distribution for a given problem. We will
now introduce point estimates we can calculate given the posterior distribution.
In particular, the conditional mean (CM) and the Maximum A-Posteriori (MAP)
estimate.

3.3.1 Conditional Mean

This is the defined as the expected value of the unknown w conditioned on the
observed data y. This can be thought as what the value u would take on average
over the space of U. Formally this is equal to [23, p. 53]:

ucy = Eluly] = /EU um(uly) du (3.12)

Where 7(u|y) is the posterior distribution found using Bayes Theorem 3.2.1.
However, in many cases we cannot explicitly calculate the CM, given by equation
3.12 since it involves an integral which is generally intractable, due to the fact we
do not have an explicit form for 7(u|y). This usually arises due to [46]:

1. Incorporating the prior distribution m,.(u). Which could be intractable.

2. Observation y has noise where its parameters are unknown. Therefore, we
cannot explicitly evaluate the posterior distribution due to these unknowns.

12
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3. Conditioning on 7 (y|u) by using Bayes Theorem 3.2.1 results in the nor-
malizing constant, equation 3.7, usually being intractable.

Therefore, we can estimate the CM by:

Uy ~ Zul where u; ~ 7(uly) (3.13)

=1

As a result, this motivates us to find techniques such that let us sample form a
distribution we do not know the explicit form of. To do this we will introduce
a new class samplers called Markov chain Monte Carlo methods, which we
will cover in the next chapter.

3.3.2 Maximum A-Posteriori Estimate

This is a point estimate of an unknown quantity which is equal to the mode of
the posterior distribution 7(uly).

This method is closely related to maximum likelihood estimation (MLE). MLE
is a method of estimating the parameters of a probability distribution by maxi-
mizing a likelihood function [23, p. 53] in contrast to a posterior distribution.

Suppose, we are given an unknown parameter O, and a set of observations x
that belong to some distribution f, when using MLE we wish to find © such that
f(z]©) is maximized, that is:

Onre(r) = arg maxg f(x]|O) (3.14)

Suppose that now we want to find the MAP estimate. In this case, © is a random
variable with a known prior distribution, we call g. Notice that in Bayesian
statistics we can encode all parameters as random variables. Then we can define
the posterior distribution of f(©|x) by:

f(z[©)g(0)
Jan f(x|0)g(6) do

f(Olz) = (3.15)

Notice that the denominator [;, f(x|0)g(d) dd, is the normalizing constant which
is always positive and does not depend on the variable ©. Therefore, we can
ignore this in our calculations for the MAP estimate. The MAP estimate then
finds © as the mode of the posterior distribution:

Onap(r) = arg maxg f(O|xr) = arg maxg f(20)g(0©) (3.16)

Now we can link this back to inverse problems. In this case we have that © would
be equal to the underlying observation we are trying to estimate, u. Similarly,
the value for x in equation 3.16 would be equal to the observed parameters y.
This estimate would be the mode, which answers the question: What s the most
likely u given the observations y? Formally given as [23, p. 53]:

Wirap(y) = arg max,.y T(uly) = arg max,.cp TYT,@)  (3.17)

13
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The MAP estimate gives has a connection to the optimisation approach since it
is trying to find a value which maximises some function. For example, suppose
that the probability distribution of the likelihood 7 (y|u) is N(G(u),v*I) and the
probability density of the prior 7, (u) is given by N(0,I). Then the maximum
a-posterior estimate is given by [46]:

uprap (y) = arg max,~cy T (uly)

= arg max,.cy 7 (y[u)mpr (u)
1 1
— g e exp (5551~ Gl - 5lul)
— arg min ey Iy — G + 97l (3.19

Notice that in the third line we are simply evaluating the explicit form of the
equation. In this case we can see that +2, the variance of the noise, takes the
role of the regularization term. We can see that the MAP estimate in this case is
in fact precisely a problem formulated in the same way as with the optimisation
approach. Furthermore, in many cases, to find the MAP estimate one needs to
use an optimisation algorithm.

3.4 Putting It All Together

We can now put together sections 3.2 and 3.3 to show an example of how we can
use the posterior in the context of inverse problems. We have taken the following
example from [23, p. 90].

In this example we will work with the trivial problem, which is to determine
the unknown u € U from observed data y € Y. We measure u directly with
some additive noise e € E. In this case the inverse problem is in the form of
y = u + e, notice that in this case there is no forward operator GG. Furthermore,
we assume that U ~ N(0,1), E ~ N(0, 0?) and Y is some continuous distribu-
tion. Therefore, we have explicit expressions for the prior m, (u) and the noise
Tnoise(€). Given by the probability density functions of their respective normal
distributions. We can use these expression to derive an explicit formula for the
posterior distribution by using equation 3.8 and using the density of the noise to
define the likelihood like we have done in subsection 3.2.2:

™ (U|y) & ﬂ-(y|u>7rpr<u> X 7Tn0i56<y - u)ﬂ-pr(u) (319)

We have decided to omit the steps here. But a complete derivation of the posterior
distribution can be found in Appendiz A. As a result we have that the posterior
distribution is proportional to:

L fu—p ’ Y o?
7 (uly) oc exp <—§( 7 ) ) where p = 5o and (o) = o (3.20)

Therefore, in this case the posterior distribution 7(u|y) is given by a N (u, (¢7)?)
distribution. We can now explore the posterior distribution since we have an

14
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explicit expression for it. For example, if we want to calculate the CM, then
this is given by ucy = FEluly] = p. This is because the expected value of the
normal distribution is its mean. Furthermore, the MAP estimate is given by
Wisap (y) = p. This is because we know that the mode of a normal distribution
is precisely its mean. As a result, this example illustrated how we once we have
explicit forms of the prior and likelihood we can derive an expression for the pos-
terior and calculate point estimates.

To conclude, in this chapter we have given an overview of what the Bayesian
inference approach is and motivated the reader as to why they would want to use
it. Then, we have given a general framework that one can use to define prob-
lems in this setting. Furthermore, we covered two point estimates which are of
interest to calculate. We then introduced an example of how to put all the pieces
together. However, we saw that there is a inherent need to use Markov chain
Monte Carlo methods to be able calculate the conditional mean when we do not
have an explicit form of the posterior distribution, thus the next chapter will be
concerned with these sampling methods.

15



Chapter 4

Markov Chain Monte Carlo
Methods

In this section we will introduce Markov chain Monte Carlo (MCMC) methods.
We will begin by going through Markov chain definitions. After we have intro-
duced these definitions we motivate the reader as to why they would want to use
MCMC methods. Then we will dive into the Metropolis Hastings (MH) algorithm,
understanding how the different parts of the algorithm work and the connection
between the algorithm and Markov chain theory. As well as, highlighting some
of the challenges the algorithm faces.

4.1 Markov Chains

Before we introduce Markov chain Monte Carlo (MCMC) methods we need to
cover some key Markov chain definitions. These are the fundamental building
blocks on which Markov chain Monte Carlo methods rely on. As a result, it is
vital for us to present Markov chains in order to understand these methods and
the intuition behind why they work.

To be concrete a Markov chain is a stochastic process, that is a collection
of random variables defined on a common probability space [2, p. 8. We will
define these random variables as the set {x;}! ;. Furthermore, this set of random
variable must have a special property known as the Markov Property, which
we will introduce shortly. However, before we do we need to define need three
additional basic elements of Markov chains [24]:

1. A continuous state space (2, which uniquely defines the set of possible
states the system can be in.

2. A transition kernel K(z, A), For all z € Q, K(x,A) is defined as the
probability of reaching the measurable set A from state x.

3. A transition kernel density k(z,-), such that for all z € Q, k(z,-) is
defined as a non-negative function such that

K(z,A) = /GA k(x,y) dy (4.1)

16
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Note that for a given x, k(x,-) is a probability density function, and there-
fore we have:

K(z,Q) = /Qk(x,y) dy =1 (4.2)

Definition 4.1.1 (Markov property). A stochastic process is said to have Markov
property if given the present state, the future events are independent of the past.
For a discrete time sequence of random variables { X, Xs, ..., X,,} on a continuous
state space €2, for any A € 2 we have:

P[Xn S A|Xn_1 = Tp_1,..., X1 = ZL‘l] = P[Xn S A|Xn_1 = ZEn_l]

=K(x, 1,A) = / k(z,—1,y) dy
yeA

Therefore, we have that:

P[Xn € A|Xn—1 = Tn-1, "-7X1 = J]ﬂ = / k(xn—lvy) dy (43)

yeA
For all z,, € Q, X,, € R% and n € N.[39, p. 209].

Notice that in this set of definitions we are working with continuous state
spaces as opposed to discrete state spaces. This is because when working with
MCMC methods the distributions they sample from are, in many cases, contin-
uous.

Furthermore, we need to note that we will be discussing discrete time Markov
chains. This is because when we sample points the system evolves through dis-
crete time steps, as we are sampling them sequentially. In contrast a continuous-
time Markov chain is one in which changes to the system can happen at any time
along a continuous interval [2, p. 57].

Definition 4.1.2 (N-step transition kernel). We can also define an entry in the
n-step transition kernel by:

KO (o, A) = [ KD (k0 (y. 4) dy (4.4)
Q

for all x,y € Q and n € N. This is telling us that to get from z to A, some

measurable set, we will pass by some state y before we reach A [39, p. 210].

Another important point is the dependency of transition probabilities at time
n. If the transition probabilities do not depend on time, that is K (z, A) =
K(z,A) for all z € 2, n € R and A is a measurable set, we say that the Markov
chain is time homogeneous [39, p. 209]. We will focus on time homogeneous
chains in this project.

Example 1. This example highlights how we can define a Markov chain in dis-
crete state spaces, inspired by example 2.2.1 in [2, p. 12]. Suppose every day
you are eating at one of two restaurants and you are trying to model to what
restaurant you will go to. In this case we have two states, the restaurants, lets

17
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call them A and B. Now that we have defined the state space 2 = {A, B} and
let X,, be restaurant you are at on day n. We can define transition probabilities,
that is the probability of going from one state to another, given the state you are

currently in by:
p_ [ « 1-— oz}

1-p B
This means that when the previous day you were at restaurant A you stay at
with probability a and eat at restaurant B with probability 1 — «. Thus moving
between the restaurants will produce a Markov chain. Below is the state diagram
for this model.

11—«

13 e b

Figure 4.1: Visualization of the state space the chain can move in with the
associated probabilities.

We need to introduce more definitions. In particular we need to be familiar
with the concepts of irreducibility and periodicity with regards to Markov chains.

Definition 4.1.3 (¢-Irreducible). For each measurable set A with ¢(A) > 0,
for each x there exists n such that K (z, A) > 0. That is it has positive
probability of reaching every subset A with ¢(A) > 0 from every state z € X.
[41] Furthermore, if a stationary distribution (Definition 4.1.5) exists, then it is
unique if the chain is irreducible.

What this is telling us is that for any subset we can reach any other subset
with positive probability after n steps [39, p. 213].

Definition 4.1.4 (Periodicity). If there does not exists an n > 2 and a sequence
of nonempty, disjoint measurable sets A, As, ..., A, such that Vo € A; (j < n),
K(z,A;+1) =1,and Vo € Aj, K(x, A1) = 1Vz € A, then the chain is aperiodic.
If there does exist such an n then the chain is periodic. [41]

This means that if we have an aperiodic chain then from any a subset A of
the state space we do not know how many steps are required to get back A.

The following definition we will introduce is vital for MCMC methods, as we
shall see.

Definition 4.1.5 (Stationary Distribution). A stationary distribution is a prob-
ability density function m(x) for the Markov chain {z;}; on © which satisfies
the following equation:

(o) = [ w(ohia.y) dy (45)

Note that if this is satisfied then m(z) is the stationary distribution for the
transition kernel K. Furthermore, it shows that if the chain is irreducible and
allows for an a finite stationary measure, this measure 7(z) is unique [39, p. 223].

18
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This is the direct analogy with discrete state spaces where the stationary
distribution is a probability distribution that remain unchanged in the Markov
chain as time progresses. Formally that is:

7 =mnP (4.6)

Where 7 is the stationary distribution, it can be written as a vector of probabilities
where 1" m; =1 and P is the transition probability matrix [2, p. 17].

The last definition we need to know is with regards to reversibility of Markov
chains. Suppose we start a chain from its stationary distribution then the chain
will be in its stationary state at each time step. This begs for the question: what
happens if we watch such a chain backwards in time?

Definition 4.1.6 (Reversibility). We say a chain with a transition kernel den-
sity k(z,y) satisfies the detailed balance equations if there is a non-negative
function 7w (z) on  such that

m(y)k(y,x) = n(x)k(z,y), Y,y € Q (4.7)

We say that this chain is reversible. While it is not required that a Markov
chain be reversible with respect to its stationary distribution, it is true that any
distribution 7(x) satisfying equation 4.7 is in fact stationary. [39, p. 230]

Proof.
m(W)k(y, x) = m(x)k(z,y)
— | 7(y)k(y,z) do = / m(x)k(x,y) dx
Q Q
(z)ﬂ(y)/gk‘(y,x) dr = /Qw(ar)k:(a:,y) dx
= W(y)/Qk(y,:c) dx = /QT(’(CC)k(CC,Z/) dx

In the last step satisfies the definition of the stationary distribution 4.1.5. [

Therefore, we can see that for a discrete time Markov chain, when we reverse
it, it in fact has the same stationary distribution as the forward direction. This
fact will become extremely useful when we show the convergence of the Markov
chains, using Markov chain Monte Carlo methods. Furthermore, reversibility will
be the key to distinguish between different types of samplers as we shall see.

Now that we have introduced the definitions for Markov chains we are ready
introduce Markov chain Monte Carlo methods.
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4.2 Markov Chains Monte Carlo Methods

In many cases we are interested in evaluating the expected value for some function
of interest ¢ under some target distribution 7(z) [39, p. 83]:

Bl = [ e(wyr(a) da (45)

We can estimate 4.8 by using a sampling method [39, p. 83]:

N

Elp] = %ng(m‘l) where z; ~ 7(x) (4.9)

=1

the x;’s are sampled from the distribution 7(z). Therefore, the challenge is to
generate samples which are distributed according to m(x). This difficulty can
arise due to several reasons [39, pp. 35-41].

Firstly, the probability distribution one is sampling from is not known in closed
form. In many cases, the normalization constant cannot be calculated and so one
cannot simply generate independent samples. This is highlighted when using
importance sampling, where one needs to be able to integrate the distribution
they are trying to sample from in order to produce samples.

The next two issues occur when we use sampling methods, such as Monte
Carlo methods, which rely on random sampling. It could be the case that
the variable z € R% is high dimensional. This means that as the number of
dimensions increases the number of possible values the samples can take increases
exponentially. To illustrate this suppose we are dealing with the domain [0, 1]
where there are N possible values that the x can take in one dimension. Now
suppose we increase the domain to ([0,1] x [0,1]), now z can take N? possible
values. If we then generalize this to higher dimensions p, x can take up to NP
values. As a result, as the number of dimensions increases there is an exponential
number of values it can take.

Finally, the probability distribution can concentrate on low-dimensional man-
ifolds. This means that the function can concentrate in small areas of the state
space. This goes hand in hand with the second problem, many of the points
in high dimensions will have small density since the probability density function
7(x) is concentrated in a small space within this high dimensional space. This is
in fact the curse of dimensionality. Therefore, random sampling will be inefficient
since many samples proposed will have low density. As a result, we need to find
ways of moving towards the areas of high density in order to produce samples
from 7(z).

In fact, Markov chain Monte Carlo (MCMC) methods deal with many of these
problems, allowing us to sample directly form a desired target probability distri-
bution 7(z) which we do not know explicit form of. It suffices to know a function
which is proportional to it. This is achieved by carefully constructing a Markov
chain such that, in the limit, the stationary distribution of the chain is the same
as the target distribution m(x) we are trying to sample from.
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It also important to note that these methods are generally used when trying
to sample from high dimensional distributions. For single dimensional problems,
methods such as adaptive rejection sampling [11] can be used to directly to return
independent samples from the distribution. Furthermore, MCMC methods have
the inherent problem of autocorrelated samples which we will shortly introduce.

As a result, the estimate for E[p], given by equation 4.8, when using an
MCMC method is given by [39, p. 269]:

Definition 4.2.1 (MCMC estimator). The Markov chain Monte Carlo estimator
for the expected value of the function of interest ¢ under some target distribution
m(x) is given by:

N

- 1

YO = =3 () (410)
=1

where {x;};°, forms a Markov chain.

Advantages

There are two main advantages of using Markov chains for sampling. The first
one being, that we can construct a Markov chain {z;};°, such that z; ~ 7(x), as
i tends to infinity for any z; [39, p. 269]. This means that we are ensured that
starting from any sample x1 eventually our chain {z;};~, be distributed according
to the stationary distribution 7(z). Proved by using Theorem 4.3.1.

The second, being that we can construct a Markov chain {z;};°, such the
Ergodic average converges to E[y| [39, p. 241]:

N
lim %;m» — Ey] (4.11)
where ¢ is a function of interest. This means that the estimator given by Defini-
tion 4.2.1 is ensured to converge to the expected value of the quantity of interest
¢ we are trying to calculate. This is shown by using Theorem 4.4.1. In this
context Ergodic is a property the Markov chain must have. It must be both
m-irreducible and aperiodic.

Linking this back to the Bayesian inference approach, where the posterior
distribution was given by m(u|y) o< L(y|u)m,-(u). In many cases, we are interested
in producing an estimate for the CM. To do this we needed to evaluate some
integral which was generally intractable. Therefore, we estimated the CM using
3.13 given by:

N
1
uon = Eluly) = > " u; where u; ~ 7(uly) (4.12)

i=1

However, we can now use MCMC methods to sample from 7(u|y) this is because it
suffices to know L(y|u)m,-(u) which is proportional to the posterior distribution.
Recall, that these methods do not need to know the explicit form of the target
distribution one is trying to sample from.
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4.3 Convergence Theorem

In definition 4.1.5 we introduced the notion of the stationary distribution of a
chain. That is a distribution where if we take a step to any other state we remain
at this distribution. If the stationary distribution of our chain {z;};~, is 7(z) we
need to address the question: do we always converge to the desired distribution?
To answer this question we will use properties of Markov chains to ensure that
our algorithm generates samples for the desired target distribution 7(x). We first
need to define the concept of Total Variational Norm [39, p. 231].

Definition 4.3.1 (Total Variational Norm). This is the largest possible difference
between the probabilities that the two probability distributions can assign to the
same event.

|1 = mal[rv = supa|mi(A) — m2(A)| (4.13)

Using the definition above we can state the theorem for the Markov chain
convergence theorem [39, p. 234].

Theorem 4.3.1 (Markov Chain Convergence Theorem). Let K be a Markov
transition kernel, with stationary distribution 7(x), and let K be m-irreducible
(definition 4.1.3).

If K is aperiodic (definition 4.1.4) on a countable space A € ), we have that
for every initial state x:

lim ||[K™(xz, A) — 7 (A)||7v =0 (4.14)
n—oo
where || - ||7v is the total variation norm, given in Definition 4.3.1.

In particular if the chain is Harris recurrent then the chain converges for
all = [39, p. 234].

This means that we can start at any z, and run the chain for a long time, and
we are assured that the final sample comes from the distribution 7(z). However,
the chain needs m-irreducible and aperiodic. In fact, these conditions are
satisfied by the Metropolis Hastings algorithm, as we shall see.

Another aspect we need to consider is, if we know that our chain will converge
to the stationary distribution. When do we know that our chain has reached this
distribution? To address this we will introduce the notion of burn-in.

4.3.1 Burn-In

To answer this question it is important to understand that when we use these
algorithms the chains can start form any initial position x;. In most cases the
first few samples of MCMC methods do not belong to the stationary distribution
7(x), since the chains require time to converge to the stationary distribution. To
take this into account a burn-in period is added. The burn-in period discards a
certain number of the initial samples from the chain. So, for example, if we want
to compute the estimate for the expected value E [¢] 4.2.1 with a burn-in phase,
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we can estimate like so:

Bl =55 > #) (415)

Where B > 0 is the burn-in period. However, we need to be careful with what
values of B we choose. If B is too small, then the estimator will be influenced by
the starting values. However, of B is too large then the estimator will have too
little samples.

There are several proposed ways of finding this B value, however it is often
difficult to find this period. One way B is found using is by using a convergence
diagnostic. The Markov chain output is analysed to see at what point it becomes
stable in the sense that the samples belong to the distribution [17]. Another
approach is to prove it analytically. That is we need to show that the distribution
of the samples with the burn-in B in fact come from the stationary distribution
m(x) [28]. However, what is usually done, and what we will be doing in this
project, is that B is selected in an ad hoc fashion depending on the problem.
Furthermore, it is important to mention, that if there are enough samples and B
is large enough then this is usually sufficient to ensure that the chain has reached

m(x).

4.4 Central Limit Theorem

In section 4.2 we introduced some of the reasons to use MCMC methods, in
particular we stated that Ergodic average does indeed converge to the expected
value of interest E[p]. To show this we need to support it with theory. The
Central Limit Theorem (CLT) ensures that this is the case [39, p. 243].

Theorem 4.4.1 (Central Limit Theorem). Consider a chain {z;}? ,, which is
both m-irreducible (definition 4.1.3) and aperiodic (definition 4.1.4) and sup-
pose that af, < o0, where 03, is the Asymptotic Variance. Then, as N — oo, we

have:
@ (% > lw) - EM) 5 N(0,1) (116)

Furthermore, this theorem holds true for both reversible and non reversible chains
[39, p. 246]. The difference lies in the derivation.

This theorem ensures that the estimator does indeed converge to our desired
property we are trying to calculate, that is the expected value of the function of
interest given in equation 4.11.

Furthermore, from Theorem 4.4.1 we know that the estimator Z%l o(x;)

is asymptotically normally distributed with mean E|[p] and variance UW*” But
what does this mean? To understand this we need to introduce a new important

concept, the Asymptotic Variance [39, p. 244].

23



Introduction to Inverse Problems and Markov Chain Monte Carlo Methods 24

Definition 4.4.1 (Asymptotic Variance). Given a Markov chain {z;} ; we de-
fine the asymptotic variance by:

O'i = Var[p(x1)] + 2 Z Cov[p(x1), p(x;)] (4.17)

=2

Where ¢ is the function of interest. If it is the case that all the samples are
independent and identically distributed then we can see that the variance of the

estimator would be given by % = w. However, when dealing with MCMC
methods this is not the case. In fact, samples are not independent, due to the
nature of how the chains are created sequentially. As a result, we need to include
the covariance term between different time lags to take this into account, notice
that Cov[p(z1), ¢(x;)] is the covariance between samples in the chain that have
the same time lag between them. For example, if ¢ = 3 we would calculate the
covariance by using all samples with lag 2 between them that is: (x, x3), (22,
x5)yeeey(Tn_2, ). This motivates us to calculate the asymptotic variance since if
we are able to compute it then we know how well the algorithm is preforming.
Smaller value of 0?0 would mean that the variance of the estimator is smaller thus
we have a tighter approximation to our value of interest E[y], for a fixed N. We

can see the variance decreases as \/LN as you generate more samples.

However, ai usually cannot be computed directly. There are several challenges
to calculating this value, the first one being that we cannot simply sum to infinity.
Notice that 2>, Cov[p(z1), ¢(z;)] term in equation 4.17 calculates the sum of
the covariance between the lags from 2 to infinity. However, we can only sum up
to the length of the given Markov chain, which in this cases is n. Therefore, we
can estimate the asymptotic variance by:

62 = Var[p(z1)] 4 2 Z Cov[p(x1), p(x;)]. (4.18)

In many cases this is still poses a problem. For large time lags, that is large value
of ’s, we do not have many samples. Take for example, a chain of length 100
when we want to calculate the Cov[p(z1), ¢(x;)] when ¢ = 50, we would only
have two samples, as a result the value for our asymptotic variance would not be
stable.

To resolve this we again re-estimate 4.18 by finding a value M < n, this is
done very much in an ad hoc fashion.

62 = Var[p(z1)] 4 2 Z Cov[p(x1), p(x;)]. (4.19)

We can use a small enough M to have enough samples to find a good estimate
for the asymptotic variance. This is because as the lag increases the covarince
between the sample does too. So for large lags then they should have a smaller
influence on the estimate for the asymptotic variance.
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4.5 Normalized Autocorrelation Function

In this section we will introduce an alternative form of the variance of the es-
timator E[p] by using the integrated auto-correlation time which involves an
important function known as the normalized autocorrelation function. We intro-
duce this new concept because it will be used extensively throughout the analysis
section when comparing the performance of different algorithms.

Before introducing the concept of integrated auto-correlation time. We first
need to understand what is meant by autocorrelation. Autocorrelation “is a
characteristic of data which shows the degree of similarity between the values of
the same variables over successive time intervals” [9]. This means that over some
time lag we measure how related two variables are.

Recall, that the variance for the estimator EA/M¢ = LSV () was given
by W, if all the samples where independent. As we have explained in

section 4.4 when using MCMC methods we usually produce correlated samples.

0'2 . . .
So, the variance of the estimator is given by ¢ where O'i is the asymptotic vari-
ance defined in equation 4.17. We will introduce a variable called the integrated

2
. . . . g, .
autocorrelation time given by v,, such that, we can rewrite <% in terms of v,.

Definition 4.5.1 (Integrated Autocorrelation Time). Given a Markov chain
{z;}I, we define the integrated autocorrelation time v, by:

ve=1+2 i 0,(T) (4.20)

In the equation g, is the normalized autocorrelation function of the stochas-
tic process that generated the chain for ¢, the function of interest.

Definition 4.5.2 (Normalized Autocorrelation Function). Given a Markov chain
{z;}?_, and some lag 7 we define the normalized autocorrelation function by:

Ce(7) (4.21)

Where ¢,(7) is the covariance between samples with lag 7:

1 n—r

o) = = 3 (oln) = )(nsr) — o), where =~ 3" ple) (422

Notice that, ¢, (1) = Cov[p(x1), ¢(x;4,)] these expressions are the same. Fur-
thermore, this means that when we calculate ¢, (0) this is exactly the expression
for the variance, that is Var(¢(z;1)). So, the normalized autocorrelation function
is normalizing the covariance of each time lag 7 by the variance of the chain.
Thus, it is telling us how correlated samples are with the same time lag in a
Markov chain. Furthermore, it is important to understand that as 7 increases the
samples in the chain should be less correlated with one another, since we they
are further apart.
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What is useful about the normalized autocorrelation function g, (7) is
that it can be calculated for each time lag 7. As a result, when comparing the
performance of different MCMC methods, we can plot g, (7) against time lag 7.
Better preforming algorithms have a high rate of decay for this graph. This is
because quicker decay for g,(7) means that the samples are less correlated for
smaller time lags therefore the integrated autocorrelation time v, has a smaller
value (since we sum p,(7) over all time lags) which in turn means that we are
reducing the variance of our estimator + Ziv L p(x;), as desired.

We will now rewrite the variance of the estimator EYSMC in terms of the
integrated autocorrelation time:

_ Var[p(z1)] + 227, Covlp(xr), o(z;)]
N
1+ 2200 Cov[p(z1),0(x4)]

N N it Varlp(z,)]

oo Covlp(x1),p(z:)]
_ 142 Zz =2 Covly :cl) gp(zl )] Var[ ( )]

Zl%

N
1+23°7,% c¢,
TR
— 1 +22:022 QLP(T) V&?"[g@(.ﬁlﬁl)]
N
= “eVar(p(a)) (4.23)

N

So we can write the variance of the estimator by using v,,. As a result, form
equation 4.23, we can see that the quantity % is the number of samples that
are needed before the chain forgets where it started, likewise v, is the number
of steps need to forget where it started. Therefore, if we can estimate v, we can
get an idea of how many steps we need to take, such that the chain produces
independent samples.

Furthermore, the integrated autocorrelation time cannot be calculated explic-
itly, similar to when we wanted to calculate the asymptotic variance. In this
case we cannot sum over all lags, since we have a fixed number of samples N.
Therefore, we can simplify v, given in equation 4.20 to:

N
Dy =142 0,(7) (4.24)
T=1

However we are left with the same problem as before, where we cannot estimate
it up to lag N since for large values we do not have enough samples, which would
result in a unstable calculations. As a result, we pick some M < N such that we
have sufficient samples to estimate equation 4.24.

It is suggested, in [44], to pick an M such that it is the smallest value that
satisfies M > C7, for a constant C' ~ 5. Furthermore in the article it was
suggested that this works best with chains longer than 10007,.
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4.6 Metropolis Hastings Algorithm

In this section we will cover the Metropolis Hastings Algorithm, perhaps one
of the most well known MCMC methods. This algorithm provides a general
framework for other MCMC methods.

4.6.1 Overview

The Metropolis Hastings (MH) algorithm allows us to sample from any distribu-
tion f(z) if we have some function 7(x) which is proportional to it. However, we
must be able to explicitly evaluate 7(x) for any x. This is why the MH algorithm
is particularly useful. The algorithm generates a sequence of samples where we
are ensured that they come from the desired target distribution 7(z) which is the
distribution we are trying to sample from. As we shall see the chains produced
by this algorithm have the required properties, m-irreducible and aperiodic,
such that Theorem 4.3.1 holds. When using this algorithm the next sample only
depends on the previous sample, this ensures we are creating a Markov chain.

I want to highlight that the MH algorithm is also known as a reversible
sampler since the chain produced is reversible. This will be made evident in
subsection 4.6.4.

Furthermore what is worth mentioning is that the MH algorithm is one of the
many different algorithms that fall within the MCMC set of algorithms. Other
types of algorithms include, but not limited to, the Gibbs sampler, Slice Sampling,
the Hamiltonian Monte Carlo sampler and the Multiple-try Metropolis.

4.6.2 Algorithm

In this section I will give an overview of the algorithm and explain each of the
parts. Finally, I will give an intuition for why the algorithm works.

I have outlined the algorithm using pseudo-code, in order to make the steps
clear, the algorithm is given in [38]. For a Python implementation of this algo-
rithm refer to Appendiz B.

Algorithm 1: Metropolis Hastings Algorithm

1 randomly pick z; such that 7(zq) > 0;
2 for i =1 to Ny., do
3 sample xf ~ q(z/|x;);

a(x!|z;) = min {1, #_q(mx/) };

4 m(zi) q(x!|z;)
5 sample u ~ U[0, 1]
6 if u < a(z/|x;) then x; 1 = 2/ else x;11 = x;;

Before we run the algorithm, we let 7(x) be the target distribution, that is
the distribution we wish to sample from. We also need to choose some proposal
density g(z/|x;) to sample proposals from. We usually pick one which is easy to
sample from. We also need to pick the number of iteration the algorithm will run
for, Niser.
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The algorithm can be divided in two parts, the initialization and the iteration
steps.

Initialization

We initialize the algorithm by picking a random sample, x; such that 7(x;) > 0.
Since we only need sample points which have positive probability under the target
distribution 7(x). This is line 1 of Algorithm 1.

At each iteration

e At line 3, we need to sample some candidate x/ given the current sample
value z; which is the current position the chain, by using the proposal
q(z!|z;). In subsection 4.6.3 it will be made clear how this can be done.

e Secondly, we need to calculate the acceptance ratio, done in line 4. This is
the probability that we accept the current sample x/. The reason it takes
this form is such that it ensures that the chain produced does indeed have
a stationary distribution given by 7(z).

e Finally, the chain can either remain at the sample z; if it rejects z/ or it
moves to the proposed sample x/ upon acceptance, with probability a(x/|z;).
That is, at the next iteration ¢ + 1, x;4,1 = «/, if we accept x/ otherwise
x;p1 = x;. This step is vital to ensure we are sampling from 7w (z). We also
sample some random variable u € [0, 1], in line 5, which is then used to
decide to either accept or reject 2/ in line 6 if it is less than a(z/|x;), since
this is the probability of accepting. Note that in both cases we add the
sample to the chain. Therefore, once the algorithm runs for a number of
iterations N, we will have a total of Ny, + 1 samples, including the first
sample .

As a result, this procedure can be repeated to create the Markov chain
{z;}Nitert1 that is ensured to converge to m(x). Thus sampling points form the
desired target distribution, we will show this in subsection 4.6.4.

A natural question to ask is: when do we accept proposals x/? To answer this
m(ar) q(ailer) }

question we need to dive into the acceptance ratio: a(x/|z;) = min {1, o) aerlen)

1. If :éf)) > 1, then w(af) > m(x;) this means that the proposal z/ has a

higher target probability than x;. Which means we would like to sample
this point since it belongs to an area of high density. Thus, we are more

likely to accept the proposal z/ since if ;r((iz)) > 1 then the acceptance ratio

a(x!|z;) is more likely to be close to 1.

2. If % > 1, then q(x;|z/) > q(xf|z;) this means that there is a high

probagiliity of moving back to z; from z/. This means that it is likely to go
back to samples that have already been accepted, which is desirable. So,
again, we are more likely to accept the proposal z/ since if Zgij”;g > 1 then
the acceptance ratio a(x/|z;) is more likely to be close to 1.
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There a couple of notes. Firstly, if the proposal density is symmetric then the

acceptance ratio can be reduced to «a(z/|x;) = min {1, 7;((2')) } To illustrate this
suppose we use a one dimensional normal distribution proposal density. We know
that q(x;|xr) ~ N(x1, 5%), likewise q(z!|z;) ~ N (z;, 5%). Then due to symmetry
we can see that the probability density values are exactly the same on both of

the distributions. To see this we make use of the probability density function of
e\ 2
e 3(55%) Asa result, in

a normal distribution which is given by: f(z) =

27
this case the explicit forms of the probability density functions are given by:

(xt|x;) = —1 eié(ﬂ_w 1
NG N

Notice that these two expressions are exactly the same. As a result they cancel
out in the fraction of the acceptance ratio a(x/|z;).

Furthermore, as we have stated in subsection 4.2, we do not need to know the
explicit form of the target distribution m(x), but why is this the case? Notice that

7(x) only appears in the acceptance ratio a(x/|z;) in particular as a fraction; :g'))

)" and q(z;|zt) = e 2 (75 (4.25)

As a result, this fraction uses the same distribution 7(x), for both the numerator
and denominator, this means all constants in m(z) cancel out through division.
This is a subtle but important point to highlight since this is one of the main
advantages of using MCMC methods.

4.6.3 Proposal Densities

We can see that in the MH algorithm we have control over the proposal density,
so an important aspect of this algorithm is to consider which proposal to pick.

Proposal densities let us explore the state space by deciding on how move to
the next sample on the chain. It is important that when picking between proposal
densities we need to consider two main factors: accuracy and cost. What is
meant by accuracy is that we want to produce samples such that we reduce the
asymptotic variance. This is achieved by trying to reduce the correlation between
samples. Likewise for cost we refer to the computational cost needed to produce
a proposal x/. For example, proposal densities that require to compute gradients
might have higher accuracy but are computationally more expensive. As a result,
we need to find a balance between these two aspects. Below I will illustrate some
of the most common proposal densities used.

Random Walk proposal

When using the Random Walk proposal, our algorithm is called Random-walk
Metropolis algorithm. As the name suggests we propose samples x/ by using
a random walk on the state space the algorithm is sampling from. Since we are
using a symmetric distribution we can reduce the acceptance ratio to a(z/|x;) =

min {1, :g’)) }.The Random Walk proposal density is given by [39, p. 287]:

q(zt|x;) ~ N (2, B2I) (4.26)
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for some 8 > 0, this is equivalent to x/ = x; + B¢ where ¢ ~ N (0, I).

In this case 8 controls the step size. We need to tune this parameter for the
particular problem. If § is too small then the algorithm does not explore the
state space. Similarly, if it is too large then we reject x/ too often because we
take steps in areas outside of the target distribution. In both cases this leads to a
large asymptotic variance. In Chapter 6 we will dive into tuning this parameter
in depth and give more details as to why this is the case.

However there are some drawbacks from using this proposal. The main one
being that it does not work well in high dimensions. For any value of [, the
average acceptance ratio & — 0 as dimension d, — oo [12], which in turn means
that the asymptotic variance ai, — o0o. This is because if the average acceptance
ratio is 0 then we do not accept any new sample and as a result our chain remains
in the same position thus increasing the asymptotic variance.

This means it becomes hard to explore higher dimensional spaces with a Ran-
dom Walk proposal, so we need to find alternatives to the Random Walk when
we wish to explore higher dimensional spaces. The next proposal addresses this
issue.

We define the average acceptance ratio & to be the average value the accep-
tance ratio takes over all iterations of the algorithm.

Pre-conditioned Crank-Nicolson

The pre-conditioned Crank-Nicolson (pCN) proposal is well-defined for high-
dimensional spaces [18]. This means that as the number of dimensions increase
the asymptotic variance is independent of the dimension unlike the Random Walk
proposal density. Therefore, pCN method is robust to the dimension of the prob-
lem. In fact the specific form of the pCN proposal depends on a reference measure
7. If mo is N(0,Cp) then pCN proposal is given by:

q(@t|x;) ~ N (/1 = 224, BCo) (4.27)

therefore this is equivalent to x/ = /1 — 32z; + B¢ where € ~ N (0, C) where in
this case 0 < 8 < 1. Notice that the step size the algorithm takes depends on
both g and Cj. Cj is know as the covariance operator.

The proposal we have introduced all follow the same principal, they do not
have an idea about which parts of the state space are more probable. This
is because the proposals have some sort of randommness about their movement.
However, we would like for our proposals to move in the direction where it is
more probable to sample from the desired distribution 7(x). To do this we draw
inspiration from optimization algorithms such that we incorporate gradient infor-
mation. We would like to propose the next candidate x/ in the following fashion:

xl = x; + BV (x;) (4.28)

Notice that now we move in a deterministic way. We are losing randomness and we
also lose the ability to explore the state space. This is because when we calculate
the gradient, we force the movement to a certain direction. In particular, we are

30



Introduction to Inverse Problems and Markov Chain Monte Carlo Methods 31

converging towards the local maximum of the distribution 7(z). The following
proposal density follows this principle.

Metropolis Adjusted Langevin Algorithm (MALA)

Using this technique the new states are proposed using Langevin dynamics, which
evaluates the gradient of the target probability density 7(x). Then proposals are
accepted or rejected using the MH algorithm. In this case the MALA proposal
density is given by:

q(xt|z;) ~ N(x; + BVlogn(x;),281) (4.29)

therefore we have that =/ = x; + fVliogn(z;) + /20e where € ~ N (0, ).

4.6.4 Existence of Stationary Distribution

In this section we will prove that the Markov chain created with this MH algo-
rithm has a unique stationary distribution which is exactly the target distribution
m(x). We will show this by using the fact that if 7(z) satisfies the detailed bal-
anced equations, then m(x) must be the stationary distribution. Notice, that
if it satisfies the detailed balanced equations, then by definition 4.2.1 the chain
created is reversible.

To do this we first need to define the transition kernel for the Metropolis
Hastings algorithm, P(x/|z). For this algorithm it is simply given by [39, p. 272]:

P(zt|x) = a(z|x)q(z!|x) +r(x)d. (1) (4.30)
Acc;;; x/ Re]?zgt /!

where a(z/|x) is the acceptance ratio and g(x/|z) is the proposal density. Before
we begin the proof, let us explain the terms in the transition probability (4.30),
when we pick a new proposal x/ at x we have two options:

1. Accept z/ with probability «(z/|x)q(z/|x), that is we accept the sample
with probability «(z/|x) times the probability of proposing this sample
q(t|z).

2. Reject z/ with probability r(z) = 1 — [, a(z!|x)q(2/|z) dy, this is just 1
minus the probability accepting any sample other than x/, as a result we
integrate over the state space 2.

We note that ,(x/) is the dirac mass defined by:

l1ifx =

&WOI{Oﬁx#x/ (4.31)

Therefore, we need to consider two cases, one when x = x/, we reject the proposal,
and the second when x # x/ when we accept the proposal.

Case 1, if z = xf then we have that, P(z/|x)n(x) = P(x|z!)mw(xt), is trivially
true since x and x/ are the same.
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Case 2, when = # x/ we need to show that it satisfies the detailed balanced
equations:

P(zt|x)n(z) = a(z!|x)q(xt|z)m(x)

= min {q(z/|x)7(x), q(x|z)7(2!)

— in {262 820

m(zt) q(x|xr)’

—

= P(z|xt)m(xr) (4.32)

This is the desired result, since we have shown that it satisfies the detailed bal-
anced equations, this means we have shown the existence of a unique stationary
distribution, by definition 4.2.1. Furthermore, if we assume that Pla = 1] < 1
then this is sufficient for aperiodicity, this is because we always have some proba-
bility of remaining in the same position for an arbitrary number of moves. Like-
wise if g(z/|x) > 0 for all x, 2/ € € where € = {z|n(x) > 0} then this is sufficient
for irreducibility [39, p. 273], this is because we are ensured to move from any set
to any other set with some positive probability thus we can reach any other set,
satisfying the definition of irreducibility. It is also well know Metropolis—Hastings
algorithms are Harris recurrent [40], therefore by Theorem 4.3.1, we can ensure
that the Metropolis Hastings algorithm converges to m(z) for all initial samples
xq.

4.6.5 Challenges

To conclude this chapter I will briefly summarize some of the challenges that
we are faced with when using the Metropolis Hastings algorithm, in particular
convergence, correlation and picking a proposal density.

Convergence

The first challenge is how do we determine that we have reached our desired
stationary distribution? To ensure that the algorithm is in fact sampling from
our the desired target distribution, we usually use a burn-in phase to delete the
first B samples, for more details on this go to subsection 4.3.1.

However, even though we are ensured by Theorem 4.3.1 to converge to the
stationary distribution of the chain, this poses another question, how long do we
take to arrive? Different algorithms have different times to arrive to the desired
distribution. As a result this motivates us to search for algorithms that have
better mixing times. Since for the same number of iterations N we sample from
the distribution quicker.
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Correlation

The second challenge is that the samples are usually correlated, as we have
seen it is usually the case that samples which are close together will be correlated
with one another. As a result, this means that they do not reflect the distribution
which we are trying to sample from. This problem is inherit in MCMC methods
due to the sequential building of the chains. To solve we need to uses proposals
that reduce the correlation between the samples. Alternatively we can search for
different algorithms that produce less correlated samples, which in turn reduce
the asymptotic variance, thus producing a smaller variance for our estimator given
in equation 4.8.

Proposal Density

Finally, we also need to consider which proposal density do we choose? As we
have mentioned in subsection 4.6.3, we need to pick a proposal density which
finds a balance between cost and accuracy. It is important we understand the
type of problem we are dealing with since then we can appropriately pick a pro-
posal density which finds this fine balance between cost and accuracy. In fact,
there has been work focusing on adaptive MCMC which focus on improving the
algorithm in the fly, by exploring different proposal densities [42].

In fact, there is another type of MCMC methods which help us tackle some of
the problems mentioned above, non reversible samplers. The algorithms we men-
tioned in this chapter create a reversible Markov chain. As the name suggests
these do not. In the next chapter we will highlight why we would want to use
them, the work that has been made in this area and how to implement these
algorithm for one dimension and higher dimensions.

To conclude, in this chapter we have introduced Markov chains and motivated
the reader as to why they would want to use Markov chain Monte Carlo meth-
ods. We then, walked through the Metropolis Hastings algorithm showing how
it works and how one can implement the algorithm. Furthermore, we covered
various different proposal densities one can use, highlighting the parameters that
need to be tuned in each. Finally, we mentioned the challenges faced by the
Metropolis Hastings algorithm and proposed a new set of MCMC methods that
can help tackle some of these challenges, these will be introduced in the next
chapter.
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Chapter 5

Non Reversible Samplers

In this section we will introduce non reversible samplers. We will motivate the
reader as to why they would like to use these methods. Then we will highlight
what the work done so far with respect to these samplers. Finally, we will give
a extensive description on how we can implement these algorithms, in one and
higher dimensions.

5.1 What Are They?

Recall, that the chains created by the Metropolis-Hastings algorithm are re-
versible this means that they satisfy the detailed balance equations given in
equation 4.7. Therefore, non reversible chains, on the contrary, do not satisfy
the detailed balanced equations. As a matter of fact, the chain being reversible is
crucial in showing that they have the right stationary distribution. However, it is
important to note that if a chain is reversible then this is sufficient but not nec-
essary condition, for 7(x) to be the stationary distribution of the chain [14]. As
a result, we can create non reversible Markov chains such that they can be used
as MCMC algorithms since they have the same properties of reversible chains.
In particular, Theorem 4.4.1, the Central Limit Theorem, and Theorem 4.3.1,
the Markov Chain Convergence Theorem, also apply to non reversible chains.
The proofs are different for non reversible chains [48]. This in turn, will let us
compare the performance of non reversible samplers against reversible samplers.
For example, we can compare the speed of convergence to the equilibrium or the
asymptotic variance produced by each algorithm.

5.2 Motivation

So why do we want to use these types of samplers, what benefits, if any do they
bring? In fact, there are several reasons as to why we would like to use non
reversible samplers. There are some very attractive advantages of using these
methods in contrast to reversible samplers.

The first one being, faster convergence to desired probability distribution
7(x), also know as mizing time with respect to reversible samplers. This is an
extremely desirable advantage, since these methods can reduce the computational
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time needed reach to m(z). The paper, Irreversible Monte Carlo algorithms for
efficient sampling. [50], shows this statement experimentally. Furthermore, since
we can reach the stationary distribution quicker this means that we can reduce
the number of samples we discard during the burn-in phase.

Secondly, these algorithms are known to reduce the asymptotic variance.
This is extremely powerful. In [29] it is shown that the asymptotic variance of
non reversible chains are the same as reversible chains, and in many cases the
asymptotic variance for non reversible chains are in fact smaller. Therefore, by
using non reversible samplers instead of reversible sampler we can increase the
accuracy of our estimator by simply changing the type of chain we create.

The reason as to why these chains work so well, is because these chains achieve
improvement by avoiding backtracking to the state from which they just came
from, by forcing a certain direction of movement. This in turn, reduces the
number of samples which are correlated with one another and as a result we see
these significant advantages. This will be made clear in the following sections.

5.3 Methods

In this section I will highlight the main methods researched to create non re-
versible samplers. There are two main ways to construct non reversible chains
from reversible ones. The first method is known as the lifting method, where
one makes “two replica of the original state space with a skew detailed balance
condition to facilitate irreversibility” [50].

The second method is by the introduction of a vorticity function. In the
paper, Non-reversible Metropolis-Hastings. by Joris Bierkens [6], it was suggested
to turn the MH algorithm into a non reversible version in order to improve con-
vergence. To do this, the paper introduces non reversibility without altering the
state space by adding a vorticity function. This function ensures that the chain
is non reversible and has the desired stationary distribution 7(z). More details
about this can be found in Bierken’s paper. However, in both cases, it is not clear
how to generalize these procedures.

As a result, in this project we will focus on the I-Jump sampler for one and
higher dimensional cases. In particular, we will follow the algorithms covered in
the paper Irreversible samplers from jump and continuous Markov processes. by
Ma, Fox, Chen and Wu, [25] where they give a general framework to implement
non reversible samplers. Please note, that in this project we will implement the
algorithm and not dive into the theory for this particular sampler. For more
details refer to the paper.

5.4 I-Jump Sampler

In this section we will show how to implement a non reversible sampler. In
particular the algorithm will draw inspiration from the MH algorithm. I have
decided to implement two variation one for one dimensional cases and one for
higher dimensional cases. Note that when using this method it is indeed the case
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that m(z) is the stationary distribution of the chain.

As mentioned before, we will be focusing on the implementing the non re-
versible sampling algorithms mentioned, called the I-Jump sampler. However,
we need to understand what is meant by this. In short, we will revise the MH al-
gorithm to make use of different two proposal distributions f(z/|x;) and g(x/|z;),
instead of a single g(z/|x;). This jumping between different proposal densities,
which are not symmetric, forces our chain to move in a certain direction. In turn,
this results in our chain not being reversible [25].

5.4.1 One Dimensional

The one dimensional algorithm for non reversible samplers is similar to the MH
algorithm. This is desirable due to the simplicity of implementing the algorithm.
However, there are two main differences with respect to the MH algorithm.

1. Use of two different one-sided proposal densities.
We will use two proposal f(z/|z;) and g(x/|z;) which will force the sam-
ples to come a particular direction. We can introduce expressions for the
proposals f(z/|x;) and g(z/|x;):

(a) f(a!|z;) where proposals are given by z/ = x; + £ where £ ~ I'(a, b).

(b) g(xt|x;) where proposals are given by x/ = z; — £ where £ ~ I'(a, b).

To do this we make use of the Gamma distribution I'. This distribution
has the desired property that it is strictly positive. As a result, the samples
are restricted to move a certain direction. This is enforced by the indicator
variable z which, in one dimension, picks the direction. If it chooses the
proposal f(z/|z;) then we sample points to right of the current sample x;,
likewise, when we sample from g(z/|x;) we move to the left of the current
sample x;. This is the key to irreversibility.

2. Introduction of an indicator variable z.
This indicator variable, tells us in what direction the new sample will come
from. In one direction, this is simply telling us if the next sample is to
the left or the right from the current sample. This indicator variable takes
values z = {—1,1}. As a result, this variable is the one that cause the
Jump between the proposal f(z/|x;) and g(x!|z;) thus picking the direction
we move in.

To illustrate the algorithm I will use pseudo-code for clarity and then I will
explain each key step. For a Python implementation of this algorithm refer to
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Appendiz B.

Algorithm 2: One-Directional I-Jump sampler

1 randomly pick z € [—1,1];

2 randomly pick 27 such that m(z1) > 0;
3 for i =1 to Ny, do

4 if z > 0 then

5

sample z/ ~ f(x!|x;);
6 a(x/|z;) = min {1, :((Z)) %};
else
sample x/ ~ g(x/|x;);
9 a(x!|z;) = min {1, ;r((z:)) 58}“53 };
10 sample u ~ U/[0, 1];
11 if u < a(z/|x;) then z = z else z = —z;
12 if u < a(z/|x;) then x; 1 = 2/ else x;,1 = x;;

Like with the MH algorithm, before we run the algorithm, we need to define
7(x) to be the target distribution, that is the distribution we wish to sample
from. We also need to pick the number of iteration the algorithm will run for,
Niier. However, in this case we will use fixed proposals. One can, however, make
use of other one-sided proposal densities.

Notice that step 1 and 2 are similar to the initialization step in the MH
algorithm the difference being that we also initialise the indicator variable z,
where we randomly pick it to be -1 or 1.

Furthermore, the key difference between the MH algorithm is the if statement
in line 4. In fact, this step is the key to create non reversible chains. We can see
that at steps 5 and 9 we sample from two different proposals f(z/|z;) and g(x/|x;).
As a result, the acceptance ratio a(x/|z;) depends on the indicator variable z:

1. If z > 0 then a(z/|x;) = min {1, :g/)) fcg,fjg} when the proposal z/ is sam-
pled from f(z/|x;).

2. If z < 0 then «o(z/|z;) = min {1 MM} when the proposal z/ is sam-

> w(wi) glarlz)

pled from g(z/|x;).

The proposals are then given by x/ = z; + £ when we sample from f(x/|z;).
We know that a/ — z; = £, as a result we have that / — z; ~ I'(a,b) since
¢ ~ TI'(a,b). Therefore, if substitute 2/ — x; into the probability density function
for the gamma distribution =, given by:

= — ba
E(z) = T'(a)

Where in this case ['(a) is the gamma function. We can get an explicit form of
this distribution given by the following expression:

(z)* et (5.1)

E(at —ay) = (z — ;) Temb@ =) (5.2)

37



Introduction to Inverse Problems and Markov Chain Monte Carlo Methods — 38

Therefore, we have that f(z/|x;) = Z(xr — z;), this is extremely useful when
implementing these algorithms, since we need to evaluate this function for the
acceptance ratio a(xz/|x;). Notice that is is just the gamma distribution centred
x; and evaluated at point x/.

Using a similar logic we can derive an expression for g(z/|x;). Since we know
that x/ = z; — £ then we have that:

o —x;=—§ = 1, —xl=§ < x; — v/ ~T(a,b) (5.3)

Therefore, by substituting x; — x/ into the probability density function = given
in equation 5.1 we have that g(x/|z;) = E(z; — 2/).

In addition, notice that in line 11 we switch the sign of the indicator variable
z, the direction we are sampling from, when we reject the proposal sample x/, thus
in the next iteration we are always proposing samples in the opposite direction.

Finally, like in the MH algorithm, in line 12, the chain can either remain at
the sample x; if it rejects x/ or moves to the proposed sample x/ upon acceptance,
with probability a(z/|x;). That is, in the next iteration x;,1 = 2/, if we accept x/
otherwise x;,1 = x;.

Furthermore, it is important to notice that we have control over the variables
a and b of the gamma distribution I'. Appropriately tuning these parameters will
let us control the step size taken by the algorithm. In section 6.2 we will show
how to tune these parameter appropriately.

5.4.2 High Dimensional

In this section we show how to generalize I-Jump sampler for higher dimensions.
Firstly, we introduce the d-dimensional auxiliary variable y. This variable, is
simply one of the possible d basis vectors in the dimension of state space. For
example, if the number of dimensions is three, then y can take values as the
basis vectors. That is [1,0,0], [0, 1, 0], [0, 0, 1]. This will ensure that the proposal
densities sample in the direction of y, this is vital in high dimensions.

Furthermore, we also need to introduce two different proposal densities we
will call them f(x/|z;,y) and g(z/|x;, y), which depend on d-dimensional auxiliary
variable y. f and g will be half-space Gaussian distributions which conserve the
properties of the stationary distribution while having faster mixing times [25].
The proposal densities are given by:

2 1

s || —; |2

f(x/|xi,y) = 1<y,x/—$i>20me 50 [ler=ill3 (5,4)
2 Ll

g(@l|z;, y) = 1<y,x/—xi><0W€ 27 (5.5)

Where the expression < , >, we are referring to the dot product. Furthermore,
1.,nq refers to the indicator function, where if cond is satisfied then it is 1
otherwise 0. Finally, d refers to the dimension of the state space we are working
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with, when we sample points from f(x/|z;,y) this is equivalent to:

xl =z +n-sgn(<n,y >),n ~ N(0,0°) (5.6)
Likewise for g(x/|z;,y) is:

wl =x; —n-sgn(< n,y >),n ~ N(0,0%) (5.7)

Where sgn is defined as sgn(x) = 21,59 — 1. Furthermore, these half spaced
Gaussian distributions behave in a similar fashion to the one sided proposal den-
sities we suggested in the one dimensional case. In both cases we restrict the
sample to exclusively a single direction. Note that we can also implement this
algorithm with the use of one-sided distributions for proposals, like the gamma
distribution, instead of half space Gaussian distributions.

We need to take into account one last aspect of this algorithm which is how
often do we change direction y? To overcome this we periodically pick a random
direction to move in. This is to ensure that the algorithm covers all dimensions of
the state space. There is no defined period one should re-sample this variable for.
To find this period it is usually done in ad-hoc fashion, and needs to tuned for the
particular problem. Putting this all together we can define the N-Directional
I-Jump sampler. Below is the pseudo code for this algorithm. For a Python
implementation of this algorithm refer to Appendiz B.

Algorithm 3: N-Directional I-Jump sampler

1 randomly pick y € R";

2 randomly pick x; such that 7w(zy) > 0;

3 for i =1 to Ny., do

4 periodically randomly sample y € R";
5 if z > 0 then

6 sample xf ~ f(x/|x;,y);

7 a(z/|z;) = min {17 (@) g(zilary) };

(@) f(@/2i,y)

else
9 sample z/ ~ g(z/|z;,y);
10 a(x!|z;) = min {1, _:((Z)) —ﬁi}‘fl’z; };
11 sample u ~ U0, 1];
12 if u < a(z/|x;) then z = z else z = —z;
13 if u < a(z/|x;) then x;; = 2/ else x;,1 = x;;

Notice that this algorithm is the very similar to Algorithm 2, where the dif-
ferences are due to the introduction of the auxiliary variable y and the need to
periodically change y in line 4. Furthermore, we make use of the new proposals
f(x;|zt,y) and g(x;|z/, y) defined in equations 5.4 and 5.5 respectively. Finally,
its worth mentioning, that it can be seen that in both settings, that is with
one-sided distributions and half-space Gaussian, “there is always a direction of
exploration, y, that enjoys most of the benefits from irreversibility. However, in
multiple dimensions, a favorable direction of exploration is often not clear.” [25],
as we shall this will pose to be a problem in high dimensions. I have decided to
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not walk through the algorithm again in depth since it is very similar to Algo-
rithm 2 please refer to subsection 5.4.1 for a more detailed explanation of each
step of the algorithm.

To conclude, in this section we have introduced non reversible samplers high-
lighting the advantages of using these methods and showing the simplicity of
implementing these algorithms. In the next chapter, we will run experiments to
show how these algorithms preform against reversible samplers on different prob-
lems. We will also show how to tune the MH algorithm and how to tackle some
of the challenges faced the by algorithm, as discussed in section 4.6.5.

40



Chapter 6

Exploring Markov Chain Monte
Carlo Methods

In this chapter we will explore Markov Chain Monte Carlo Methods (MCMC). We
will first inspect the Metropolis Hastings (MH) algorithm to highlight important
aspects of MCMC methods such as; appropriately tuning parameters, finding a
burn-in phase or deciding which proposal density to use. Subsequently, we will
introduce the N-Directional I-Jump sampler. Finally, we will then compare the
performance of the MH algorithm against the N-Directional I-Jump sampler on
a range of target distributions.

Before going further, I want to emphasize, that in this chapter, we will be
plotting the normalized autocorrelation function (referred to as ACF) g, (7), given
by definition 4.5.2, against different time lags 7. We interested in the rate at
which g, (7) decays. Recall, that better preforming algorithms will have a greater
rate of decay. Throughout this chapter, ¢ will simply be the identity I since we
are interested in the samples produced. More details are in section 4.5.

6.1 Metropolis Hastings Algorithm

We will begin by using the Metropolis Hastings (MH) algorithm with a Random
Walk proposal density to illustrate the following. First, how to appropriately
tune S for this problem. Secondly, how to find an optimal burn-in value for this
problem. Thirdly, to show that the samples are indeed distributed according to
the target distribution 7(x). Finally, we will show how to pick a proposal density
for the algorithm. Throughout this section the target distribution 7(z) will be
N (210, 2) distribution.

6.1.1 Tuning Beta

To recall, the Random Walk proposal density, given by equation 4.26, proposes
samples in the following form 2/ = x; + fe where € ~ N(0,I). Notice that g
controls the step size of the algorithm. As mentioned in subsection 4.6.3 we need
to tune this parameter for the particular problem. Both small and large values
of B will pose to be a problem to explore the state space appropriately.
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Figure 6.1: Figures show how the chain evolves over time for a small and large
value for §. Using the MH algorithm with a Random Walk proposal to sample
from N (z|10,2). The x-axis is the sample index, this is the index of the sample
at iteration 7. The y-axis is the value which the sample z; takes.

We begin by comparing the chains produced by small and large values of 3
as seen in Figure 6.1. We can see that when f is large, Figure 6.1 (a), there are
various occurrences of horizontal lines. This is telling us that the algorithm is
staying at the same sample for a certain number of iterations. But why is this
case? We can explain this by looking at the equation for the acceptance ratio a:

a(2/]z;) = min {1, M} (6.1)

m(z:)

In this case the acceptance ratio is given in this form since the proposal density
is symmetric. Notice, that when we have a large step size then in many case
m(x/) is close to 0 because we take a large step away from the target distribution,

thus moving to space of less density as a result :éz/)) is also close to 0, this

causes a(x!|z;) to be small and as a result we more likely to reject samples, thus
remaining at the current sample z;, resulting in horizontal lines.
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Similarly, if we focus on Figure 6.1 (b) where £ is small, we can see that there
are no horizontal lines. To explain this we focus our attention again on the accep-
tance ratio equation 6.1. In many cases 7(x/) is large since we are taking small
step, from a sample which has been accepted, so we are likely to move towards
areas of high density, in turn the acceptance ratio is large, so we are more likely
to accept samples. So we see no horizontal lines. Furthermore, we can see that
at the start the chain is indeed always moving towards the target distribution
m(x). Again, this can be explained by looking at the acceptance ratio 6.1. In
this example, the chain starts at point xy = 0, when it propose samples x/ such

that they move towards towards m(x) we have that 7(z/) > m(x;) (since we are
ﬂézl))
to accept samples that move towards 7(x) rather than away from it.

starting at zo = 0) and so is greater than 1. As a result, we are more likely

Recall, that the main goal is to sample from the target distribution 7(z) where
7(x) is illustrated in Figure 6.1 (a) and (b) by the red line indicating the mean of
the distribution in this case 10. The blue dotted lines indicate two standard de-
viations away from the mean. We can see that both step sizes do indeed converge
to the target distribution. However, what is important to note is the speed at
which they converge. We can see that the large value of 5 converges quicker since
it can take larger step size in the state space in contrast to the small § which
converges slower since it accepts many proposals. Therefore, there is a need to
find a balance between accepting proposals and quick convergence.

As a result, this motivates us to find ways of appropriately tuning this pa-
rameter 5 in order to ensure that our samples are not correlated and that we
convergence rapidly to the target distribution m(z). Since choosing an arbitrary
value, as we have seen above, can lead to convergence and correlation issues. To
tune the parameter 5 we can look into the theory.
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Figure 6.2: Finding S for A(10,2) target distribution, by plotting average ac-
ceptance ratio & against 5. In this case we tried 60 different values of § ranging
from 0 to 6, and for each we ran the MH algorithm for 1000 iterations.
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A general rule of thumb is to tune 3 such that the average acceptance ratio & ~
0.234 [16], in order to achieve small asymptotic variance when using a Random
Walk proposal. To find this value, we will run a series of simulations with different
values of f to find the value of 5 such that & is closest to 0.234.

Figure 6.2 shows us how & changes for different values of 5. In this case the
red horizontal line shows us @ = 0.234. We can see that when § ~ 3.2 it is
closest to the red line, thus we will use § = 3.2 as our tuned parameter. This
step size finds a balance between accepting proposals and exploring the target
distribution. Below I have illustrate the differences at which the rate of the ACF
decays for when beta is tuned (3.2), small (0.3) and large (20).
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Figure 6.3: Plotting ACF o, against lag 7, for small, large and tuned [ values.

Figure 6.3 shows the rate at which ACF decreases for the three different
parameter values. It is clear that when the parameter is appropriately tuned we
can see a high rate of decay. In fact, by lag 7 = 20, the algorithm is producing
samples with very small correlation. This is what we would like since the variance
of the estimator we are trying to calculate will be smallest for the tuned 3. Recall

that the variance is UW“” where 03, is the asymptotic variance 4.4.1. As a result, if
we produce less correlated samples then 03, is smaller.

What is interesting is the rate at which the ACF decreases is greater for large
step sizes than for small step sizes, why is this the case? By looking at Figures
6.1 (a) and (b) they can give us an idea why. For large § the chain is more likely
to remain at the same sample, as seen by the horizontal lines, which means the
correlation between elements for small time lags is large. However as soon as we
accept a new proposal x/ it moves to a very different value and remains there for
a certain number of steps, thus for larger lags the correlation between the samples
decreases. In contrast to the small step size we can see that the samples are very
close to one another. In fact we can see that the chain does not move far from
the current position after a large number of iterations. In Figure 6.1 (b) o =0
and x50 ~ 5 this means that in 500 iterations the value of the samples has only
varied between 0 and 5 thus the samples highly correlated. This example has
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highlighted the necessity of appropriately tuning g for exploration of the state
space and the reduction of correlation between of samples.

6.1.2 Burn-in Phase

We will show how to find the burn-in phase. In particular we use two methods
to find it. Furthermore, in this example we will let 5 = 0.3, a small step size,
in order for slower convergence to the target distribution 7(z). By using a small
step size the algorithm will require a larger number of step to reach the desired
target distribution, therefore a burn-in phase is vital. The first method to find
the burn-in phase will be by using the following heuristic: discard all the samples
up to the first sample that falls within two standard deviations from the mean.

From Figure 6.4 we can see that the first sample that falls within two standard
deviations of the mean, is x4, as indicated by the green vertical line. As a result,
we will discard the first 545 samples from the chain, and use the remaining values
to estimate the target distribution. We will now compare the estimated target
distribution with and without the burn-in phase.

In Figure 6.5 (a) we have no burn-in. We can see a concentration of density
on the left tail. In contrast, when we discard the first 545 samples, the estimated
target distribution has less density between 0 and 3.5, as seen in Figure 6.5 (b).
This is desirable, because the analytical target distribution, A/ (z|10,2), which we
are trying to sample from has low probability density in the tails, so discarding
them is appropriate.

However, we can still see that this method of finding the burn-in period for
the samples is not sufficient to produce a good estimate for the target distribution
7(x). We can see that the left tail still has a high density, and as a result we need
to find alternatives ways of taking this into account.
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Figure 6.4: Using the MH algorithm with a Random Walk to sample from
N (10,2) when 8 = 0.3, the algorithm ran for 10000 iterations. This figure shows
how the chain evolves over time.
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Figure 6.5: Estimated target distribution for A/(10,2) when 8 = 0.3, when using
no burn-in (a) and burn-in (b).
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Figure 6.6: Estimated target distribution from A(10,2) when 8 = 0.3, by inspec-
tion. In this case we discarded the first 1800 samples.

To do this, we can find the burn-in phase by taking this one step further and
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inspecting the chain. We can see in Figure 6.4, that even though the chain enters
two standard deviations of the mean at sample index 546, at around sample 2000
it still moving outside of blue dotted line. As a result, we would like eliminate
more of the samples on the left tail. By inspection we increase the burn-in
phase and discard the first 1800 samples from the chain. In Figure 6.6 we can
see that estimated target distribution has a better approximation to our target
distribution 7(x), when we eliminate 1800 samples. Now the samples are centered
around the mean as desired and the tails have less density. However, since we are
taking small step sizes the density of the estimated distribution is concentrated in
the centre of the distribution and does not explore the tails. Again, this highlights
the importance of discarding samples but also tuning an appropriate parameter
S.

In this section, we have shown the difficulty of finding an appropriate burn-in
phase. By introducing two methods to find such a phase. However, as we have
seen no one method works for all problems. Therefore, it is vital to examine the
chain produced on a case by cases basis.

6.1.3 Convergence

In this section, we will illustrate the convergence of the chain by showing that
as we increase the number of iterations our samples convergence to the target
distribution 7(z) and we are in fact sampling from it. This is to show that
Theorem 4.3.1 holds and that the stationary distribution of the chain created is
in fact the target distribution m(x) for the MH algorithm with a Random Walk
proposal density. I will use the tuned MH algorithm where § = 3.2.
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Figure 6.7: Estimated target distribution for N (z|10,2), when 8 = 3.2. We
vary N, the number of iterations, to illustrate the convergence to the target
distribution.

We can from Figure 6.7 see that as IV, the number of iterations, goes to infinity
we have that the estimated target distribution tends to analytical target distri-
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bution m(x). As a result, we can conclude that the MH algorithm with a Random
Walk proposal, converges to the desired distribution. This is what we expect to
see since we know by Theorem 4.3.1, that as the number of iterations tends to
infinity the samples are distributed according to the stationary distribution of
the chain.

6.1.4 Pre-conditioned Crank-Nicolson

In this section we will compare the performance of the Random Walk proposal
against the Pre-conditioned Crank-Nicolson (pCN). To decided which proposal to
pick for this problem. I will use the tuned MH algorithm with 5 = 3.2, we found
in subsection 6.1.1. We will take it one step further by finding the burn-in phase
for the tuned parameter. To do this we will use the same heuristic in subsection
6.1.2, discard all the samples up to the first sample that falls within two standard
deviations from the mean.
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Figure 6.8: Using MH algorithm with a Random Walk proposal to sample from
N (x]|10,2) when § = 3.2. This plot helps us find the burn-in phase for the
algorithm. The algorithm ran for 4000 iterations.

We can see form Figure 6.8 that the first sample that is within two standard
deviations of the mean is x1;. As a result, we will discard the first 10 samples
when we compare these samples with the ones produced with the pCN proposal.

We will now tune the parameters for the pCN proposal density before being
able to compare them. Recall that when using the pCN proposal density, the
proposals are in the form z/ = /1 — $2x; + e where ¢ ~ N (0,Cp). Again, we
need to tune f.

Furthermore, we let Cy be equal to 8. We will let this value be large, so the
variance of proposal distribution is too. Thus, allowing allow for larger step sizes.
Similar to before we tune [ such that the average acceptance ratio & =~ 0.234
[36]. As mentioned in subsection 4.6.3, 5 can only take values between 0 and 1.
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We can see from Figure 6.9 (a) that § between 0.8 and 1.0 is closest to the
desired & of 0.234. This is consistent with the theory where we would expect
f ~ 1 [16]. What is happening for the proposal 2/ = \/1 — 2x; + fe, is as [ gets
closer to 1 then /1 — [2x; goes to zero. Therefore x/ depends on the € variable,
thus Cj has more influence over the step size. We pick 8 to be equal to 0.9, for
the remaining analysis. Figure 6.9 (b) shows the chain produced by using the
MH algorithm with pCN proposal density.
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(b) Chain produced with pCN proposal for 4000 iterations.

Figure 6.9: These are the figures produced when using the pCN proposal. (a)
shows how to tune § and (b) is the chain produced by using the MH algorithm
with pCN to sample from N (z]10,2) when 8 = 0.9.

From Figure 6.9 (b), can see that the first sample that is within two standard
deviations of the mean is x5. Therefore, in this case we will only discard the first
sample.

Comparison

Let {z;}rw be the chain produced by the Random Walk proposal density and
let {z;}pen be the chain made using the pre-conditioned Crank-Nicolson proposal
density.
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To compare them I will first use a simple measure, percentage error, of the
mean of the samples in the chain with respect to actual mean. We know that by
Theorem 4.4.1 that the Ergodic average is asymptotically normally distributed
with mean of the target distribution 7(z), so we should expect both of these
values close to 10. Function of interest ¢ is the identity map. We first discard the
values from the burn-in phase. Then we can calculate the mean for each method.
We get the following results for each chain (4 s.f):

El{z:}aw] = 10.04, E[{x;}yen] = 9.922 (6.2)

With the respective percentage error as:

% error E[{x;}rw]| = 0.387, % error E[{z;}pen] = 0.784 (6.3)

We can see that both methods are extremely accurate, both within 1% of the

actual mean, when the parameters are properly tuned and taking into account
the burn-in phase.

What is left to see is how correlated the samples are for each of the different

methods. For this we will plot the ACF against lag 7, like we did in subsection
6.1.1.
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Figure 6.10: Plotting ACF o, against lag 7, for tuned pCN and RW proposals.

We can see from Figure 6.10 that both methods behave similarly. The rate
of decrease is the similar for both proposal densities for this problem. This
is expected since the benefits of pCN become more prominent when dealing
with higher dimensions [18]. Since the problem is one-dimensional both pre-
form equally well. Furthermore, the convergence speed for both algorithms is
also similar since both produce samples from the target distribution within 10
samples. As a result, in this case, we can pick either proposal for this problem,
since it is relatively simple. Note that this analysis can be generalized for different
problems when deciding on which proposal to pick.
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We have now covered the Metropolis Hastings algorithm we will now move on
to the One-Directional I-Jump sampler.

6.2 One-Directional I-Jump Sampler

Very much like the Metropolis Hastings (MH) algorithm, the One-Directional
[-Jump sampler also has parameter which need to be tuned. In this section we
will discuss how to tune the parameters mentioned in subsection 5.4.1. I will
propose several different ways to do this. Once the parameters have been chosen
we will compare the performance of this algorithm against the MH algorithm on
the target distribution 7(z) = N (z]10,2).

6.2.1 Tuning Parameters

Parameter tuning for MCMC algorithms is vital to for good exploration. As we
have seen before, these parameters vary depending on the algorithm. We will
show how to tune these parameters for the One-Directional [-Jump sampler.

Before finding these parameters we need to understand which parameters we
are tuning. Recall, that proposals are given by x/ = x; + & or o/ = x; — £ where
¢ ~ I'(a,b). Therefore, we need to tune the parameters a and b. a is know as
shape parameter and b as the rate parameter, both strictly greater than 0 when
using this characterisation of the gamma distribution, the mean is equal to .
This will come in useful when analysing the step size of the algorithm.

We will fix a to be equal to 1. In order to only have to tune one variable, b.
We will start by using the rule of thumb for the MH algorithm, aiming for b such
that the average acceptance ratio & ~ 0.234, as a starting point. However, as we
shall see, we challenge this value for non reversible samplers.

From Figure 6.11, we can see that for large values of b the & increases. Values
of b between 0 and 0.2 are closest to the desired & ~ 0.234. Therefore, if we let
b~ 0.13 , then the average step size is ﬁ ~ 7.69, since it is the expected value
of &.

To understand the Figure 6.11 we need to look at the step size. We know
that the mean of the random variable § is 3. Since a is fixed to 1, the step size
is given by % Thus, larger values of b will result in smaller step sizes, so we are
more likely to accept the proposal sample x/. Therefore, as b increases & should
too, as seen by Figure 6.11.

We can now compare the this step size with the step size taken by the MH
algorithm using a Random Walk proposal density. To find the step size, we need
to first look at the expression of the proposal sample x/. Recall that x/ is given
by z; + fe where € ~ N(0,I). Therefore, the step is given by S = e where
S ~ N(0,8%I). To find the step size of the random variable S we look at the
folded normal distribution. Since we would like to find the absolute value of each
of our steps.

Given a normally distributed random variable X with mean p and variance
o2, the random variable Y = |X| has a folded normal distribution [49]. The
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Figure 6.11: Plot of average acceptance ratio & against b. This is used to the pa-
rameter b for N'(z|10,2) target distribution, using One-Directional I-Jump sam-
pler. We considered 20 different values of b from 0 to 1, and for each using a
One-Directional I-Jump sampler with 1000 iterations.

expected value for the folded normal distribution is given by [49]:

By = \/gae_;f? o [1 — 20 (—gﬂ (6.4)

Where, ® is the normal cumulative distribution function. This is exactly what
we are interested in. In our case the random variable X = S where S has =0
and o = (. If we substitute our values for u and o into 6.4. We can simplify the

expression to:
Ey—\/7Be 202—1—0 1—2@ —— \/7ﬁ (6.5)

Therefore, the step size for the MH algorithm when using a Random Walk pro-
posal density is equal to \/gﬁ. So, when 3 = 3.2 its step size is \/2(3.2) ~ 2.55.
When comparing the step sizes for the MH algorithm (2.55) against the One-
Directional I-Jump sampler (7.69) we can see that the step size is almost 3 time
larger than the MH algorithm. This raises the question, is & ~ 0.234 appropriate
for non reversible samplers?
To answer this question we can investigate three different values for b.

. b =0.13, this is the b value such that & ~ 0.234, with step size m ~ 7.69.

2. b = 0.4, this value ensures that both samplers have the same step size at
2.55. To calculate this value we simply let the two expected step sizes be

1 2 — l —_ ~
the same, that is \/;(3.2) = therefore, b = \/E(3 ) 0.39.
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3. b= 0.6, this is to get another step size which is smaller than 1. and 2. in

this case the step size is 5 &~ 1.67.

To compare the different step sizes, and as a result different b values, we plot
the ACF against time lags 7, for each of these values of b.

1.0

0.8

0.2

0.0

0 10 20 30 40 50 60 70 80
Lag T
Figure 6.12: Plotting ACF g, against lag 7, for different b values for the One-
Directional [-Jump sampler.

From Figure 6.12 we can see that all the chains produced with different b
values decay in a similar fashion. In fact, when b = 0.4 and b = 0.6 decayed
quicker than b = 0.13 between lags 5 and 10. Therefore, for this problem we can
conclude that for the One-Directional I-Jump sampler, a smaller step size works
as well or better than a large step size, when we compare the rate at which the
ACF decays. Therefore, one would prefer to use a smaller step size.

Thus, we suggest that @ > 0.234 should be greater for the One-Directional
[-Jump sampler, which in turn will result in smaller step sizes. We have see the
rate of decay of the ACF for smaller step sizes is greater than for larger step
sizes, which is desirable. To justify a greater value of & we need to look at the
algorithm. Algorithm 2 only proposes candidate solutions that are greater or
less than the current sample depending on the sign of the indicator variable z.
The sign of z only changes upon rejection, this is the key point. If the & is low
then on average we are rejecting samples more often. Thus, we are alternating
between the directions from more frequently. But, in fact we would like longer
chains in one direction, so we need to decrease the frequency at which the sign
of z changes. To achieve this we let the & be larger which will allow for more
samples to be accepted. Therefore, to achieve a larger value of & we can do this
by increasing b, thus decreasing the step size, as seen in Figure 6.11.

6.2.2 Comparison

To conclude we will compare the One-Directional I-Jump sampler with parame-
ters @ = 1 and b = 0.4. I have chosen b = 0.4 so both samplers have the same
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step size refer to subsection 6.2.1, against the MH algorithm with Random Walk
proposal with parameter § = 3.2.

From Figure 6.13 we can immediately see the benefits of using a non reversible
sampler, due to the rate at which the ACF decays. We can see that for small lags,
the ACF decreases quicker than for reversible samplers. This is consistent with
the advantages we covered in section 5.2, since this means that the asymptotic
variance for the non reversible sampler should be smaller than the reversible sam-
pler on this problem. In the next sections we will compare these two algorithms
on a range of different target distributions in the hope that we can highlight the
benefits of the non reversible sampler.
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Figure 6.13: Plotting ACF o, against lag 7, using MH algorithm and One-
Dimensional I-Jump sampler. For NV (z|10,2) target distribution.

6.3 Exploring Target Distributions

In the previous sections we have been focusing on one target distribution, to
illustrate how different algorithms are tuned, finding burn-in phases and showing
the convergence of these methods. In this section, we will shift our focus to
compare the performance of reversible and non reversible on different one and
two dimensional target distributions. For consistency we will tune the algorithms
such that they have the same acceptance ratio, in particular & ~ 0.234.

6.3.1 Log Normal Distribution

The first distribution we will try to sample from is the Log Normal distribu-
tion. In particular, we say Y has a log normal distribution if X = exp(Y’) is
normally distributed. The log normal distribution has the same two parameters
that the normal distribution has. We need to define the mean p and standard de-
viation o. In this case the target distribution 7(z) = LogNormal(x|0,1), where
pw=0and oc=1.
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The difficulty in sampling from this distribution is due to its long tail. We
have tuned these samplers in the same fashion as in sections 6.1.1 and 6.2.1.
For the MH algorithm with a Random Walk proposal the tuned g value which
was found was f = 3.2. Similarly, for the One-Directional I-Jump sampler the
parameters we found were b = 0.2 and a = 1. Notice that in this case the step
size for the One-Directional I-Jump sampler is larger than the MH algorithm,
recall section 6.2.1, where we discussed step sizes.

For Figure 6.14, at first glance, both samplers seem to produce similar pos-
terior estimates of the LogNormal(z|0, 1) distribution. We need to take a closer
look at the chain produced.
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Analytical target distribution
Estimated target distribution

Probability density
o o o o
w B w o

o
N

o
i

0.0

i —

10 15 20

(b) One-Directional I-Jump sampler

Figure 6.14: These figures show the estimated target distribution after the
samplers ran for 5000 iterations compared to the analytical target distribution
LogNormal(z|0,1).

In Figure 6.15 we can see that both plots produce spikes. These spikes indicate
when the sampler is in the tail for the target distribution. In Figure 6.15 (a) we
can see that the One-Directional I-Jump as more samples along these spikes. The
reason for this is in the nature of the algorithm. We force movement in a certain
direction. In many cases, we force the chain to move right as a result the chain
is forced up the tail. Since we have this forcing behaviour we sample more points
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(b) One-Directional I-Jump sampler.

Figure 6.15: These are the chains produced by both samplers, for 5000 iterations
when trying to sample from the target distribution LogNormal(z|0,1).

from this area and as a result we are more likely to accept samples from these
lower probability regions.

Again, we will now compare performance between the samplers for each algo-
rithm, by using the ACF.

From Figure 6.16 , we can see that the One-Directional I-Jump sampler decays
at a higher rate than the MH algorithm. We know that the target distribution
LogNormal(x]0, 1) has density 0 for values of x less than 0. This is the key point.
Suppose, we are using the One-Directional I-Jump sampler and we propose a
sample x/ = x; — £, that is we are proposing a sample to the left of the current
sample. It could be the case that this new value 2/ < 0. Then since 7(z/) = 0,
where 7(x) is the probability density function of LogNormal(x|0,1), then the
acceptance ratio a(z/|z;) is immediately 0. Since :Ezg = 0 (this is an expression
inside «(z/|z;), which can be found in Algorithm 2). Therefore, the sampler
rejects z/ and changes the value of the indicator variable z, as a result it is
always the case that the next sample will be in the form of z/ = x; + £ that is
we move to the right, towards an area of high target probability since we know
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Figure 6.16: Plotting ACF o, against lag 7, using MH algorithm and One-
Dimensional I-Jump sampler, target distribution is LogNormal(x|0,1).

from the previous proposal that moving left results in 7(x/) = 0. Therefore, we
are more likely to accept the next sample.

This is the key difference with respect to the MH algorithm. Recall, the sam-
ples are in the form of x/ = x; + fe where € ~ N(0,I). Therefore, if 27 < 0, then
the acceptance ratio a(z/|z;) is also 0. However, unlike with the One-Directional
[-Jump sampler where the next sample is forced in the opposite direction. In this
case the next sample x/ takes the same form. As a result, we are equal likely
to reject the proposal since we are sampling € form a N(0,7) distribution. In
turn, we remain in the same position more often. This means that for small
time lags 7 the samples are more correlated for the MH algorithm than for the
One-Directional I-Jump sampler. In fact, if we observe Figure 6.15 (a) we can see
that the chain produced by the MH algorithm has more points concentrated near
the sample value 0 while the samples for the One-Directional I-Jump sampler are
more spread out between 0 and 5, which supports this claim.

6.3.2 Gaussian Mixture Model
Gaussian Mixture Model can be thought as a probability distribution which is

made up of several Gaussian distributions added together, each with an associated
weighted. The probability density function m(x) is given by [37]:

m(z) = sz/\/'(ﬂ Wiy O;) (6.6)

Where N (z|pi, 0;) is the probability density function for the ith Gaussian distri-
bution. Furthermore, w; is the mixture component weights, where Zfil w; = 1.
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In this example, the target distribution is given by:
1 1
m(x) = §N(:U|—10, 1)+ 5./\/'(x|10, 1) (6.7)

That is, two equal weighted Gaussian distributions with means at -10 and 10
respectively, both with standard deviation 1. We use this distribution since it
is spread apart. As a result, this distribution will pose a difficultly for samplers
which are not appropriately tuned. Again, we have tuned the samplers in the
same fashion as in sections 6.1.1 and 6.2.1. In particular, we use the MH algorithm
with a Random Walk proposal where § = 3.2. Similarly, for the One-Directional
[-Jump sampler, where a = 1 and b = 0.2.
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Figure 6.17: These figures show the estimated target distribution after the sam-
plers ran for 10000 iterations compared to the analytical target distribution
TN (z|-10,1) + LN (2]10,1).

We can see from the histograms in Figure 6.17 that both of the samplers, when
tuned, are able to explore both distributions in the mixture model. However, from
Figure 6.18 we can see the chains produced are different. For the MH algorithm,
we can see that there is a high frequency of switching between both areas of
high density, while for the One-Directional I-Jump sampler, we can see that the
frequency in which it moves between the areas of high density is at a slower rate.
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(b) One-Directional I-Jump sampler.

Figure 6.18: These are the chains produced by both samplers, for 10000 iterations.
For the target distribution 7(z) = 2N (2]-10,1) + 3N (z(10,1).

)

To explain this we can compare the nature of the algorithms. The One-
Directional I-Jump sampler proposes samples that move in exactly one direction
until it rejects a sample. This result in longer periods of time where the chain
moves in one direction. Thus, the chain is sampling exclusively from one of the
two areas of high density. In contrast to the MH algorithm where the chain is
produced by a random walk. It is more likely to move between the two areas of
high probability since at every step the algorithm can propose any direction to
move in. As a result, we a high frequency of movement between the areas of high
density.

Surprisingly, from Figure 6.19, we can see that the rate at which ACF decays
for the MH algorithm is greater than the rate of decay for the One-Directional
[-Jump sampler. To understand why this is the case we can go back to Figure
6.18, as we mentioned the chains produced are different. The MH algorithm, due
to the Random Walk proposal, can jump between both areas of high density more
often, which inevitably result in smaller correlation between samples for smaller
time lags. Thus, the rate at which the ACF decreases is greater. In contrast to
the One-Directional I-Jump Sample where the chains remain in exclusively one
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Figure 6.19: Plotting ACF o, against lag 7, using MH algorithm and One-
Dimensional I-Jump sampler. For the 7(z) = N (x]-10,1) + 1A (2[10,1) target
distribution.

of the two areas of high probability density for longer, as a result the samples for
small lags will often be in the same area which results in the correlation between
the samples being larger. This happens because we force a certain direction of
movement. Finally, I want to illustrate the problem with small step sizes with
this target distribution. Again, we will use the MH algorithm with g = 0.5.
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Figure 6.20: Estimated target distribution for a Gaussian Mixture Model, using
the MH algorithm with 8 = 0.5, a small step size. With 10000 iterations.

We can see in Figure 6.20 the chain gets trapped on the right side of dis-
tribution. Since the areas of high density in the distribution are far apart, the
chain will not be able to explore the other side of the distribution by taking small
steps. Recall subsection 4.6.2, that the proposal density is symmetric then the
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acceptance ratio is given by «a(z/|r;) = min {1, :((;;/))}7 as a result :((ilg will be
close to 0, between -5 and 5, when it moves towards the left side of distribution.
Since it takes a small step size it cannot propose a sample within the area of
high probability. As a result, the chain does not explore the other side of the
distribution. In fact, as the chain remains on the right side, the estimated target

distribution for this chain is the exactly N'(z|10, 1) target distribution.

6.3.3 Multivariate Gaussian Distribution

We will now shift our attention to two dimensional target distributions. In this
section we will explore the well know Multivariate (Gaussian distribution.
This is simply a generalization of the one dimensional normal distribution to
higher dimensions. We will use the notation X ~ N (u, X) to refer that a random
variable X comes from a multivariate Gaussian distribution with d-dimensional
mean vector p € R? and with a covariance matrix 3 € R%?. The probability
density function is given by:

e, B) = (2m) 7% det(X) 7 ¢ 3= 0om), (6.8)

Note, that this exists only when 3 is positive-definite. In this example, we will
focus on a simple multivariate Gaussian distribution to illustrate these algorithms

working in a two dimensional space. In particular, the target distribution we will

be m(z|w,X) where p = E} and ¥ = [(1) (1]] Furthermore, the seed we have
set makes all the chains start at position (-5, -5). We being by showing how the

chains move throughout the space to sample from the target distribution.

(a) NX; 50 (b) N _ 500

Figure 6.21: Trajectory of the MH algorithm using Random Walk proposals where
B = 2. (a) First 50 steps (b) First 500 steps. For the multivariate Gaussian target

distribution 7(x|@, ¥) where p = [a and ¥ = {(1) ﬂ

We can see form Figure 6.21 (a) that for the first 50 steps of the MH algorithm
with 8 = 2 still has not reached the area of high density that we want to sample
from. However, after 500 steps the algorithm begins to sample points from the
distribution. Notice that it is not concentrated has difficulties with staying within
this distribution. We will now see how this trajectory compares to the Two-
Directional I-Jump sampler.
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Before comparing the two algorithms we need to understand what parameters
are tuned for the N-Directional I-Jump sampler, in this case N = 2, so we will
refer to this algorithm as the Two-Directional I-Jump sampler. If we reference
back to Algorithm 3 we can see that the variable we have control over is n ~
N (0,0%I) which is used for proposals. In this case we let ¢ = 2 in order for
a ~ 0.234, tuning it in a similar fashion as in subsection 6.2.1. We also have
control over the period at which we change the direction vector y. We found that
the for this problem periodically changing the direction every 2 steps yielded the
best results.

(a) NX; 50 (b) N _ 500

Figure 6.22: Trajectory of the 2-Dimensional I-Jump sampler, where o = 2.5 and
the period is equal to 2. (a) First 50 steps (b) First 500 steps. For a multivariate

Gaussian target distribution 7(z|p, ¥) where p = E} and X = [(1) (1)}

We can see form figure 6.22 (a) that for the first 50 steps of the algorithm has
reached the area of high density that we want to sample from, this again is con-
sistent with theory where we can see faster convergence to the target distribution
than reversible samplers, covered in subsection 5.2. Furthermore, after 500 steps
the algorithm begins to sample points from the distribution. We can see these
are in fact more concentrated within the areas of high density, in contrast to the
MH algorithm on the same problem.

Perhaps what is more interesting to consider is the value of the period used
in this case, that is the direction of exploration for the non reversible sampler.
Since the period is equal to 2 this suggests that the algorithm preformed the best
when it was changing the direction a high frequency. This can be explained since
we are working in a two dimensional space the sampler works best when it moves
in all directions of the state space and not just focusing on one.

Finally, to compare these two algorithm we will focus on the rate of decay of
the ACF, like we have been doing in the previous sections.

We can see from Figure 6.23 that the rate at which the Two-Directional I-
Jump sampler decays is greater than that of the MH algorithm. This is consistent
with theory since we expected the asymptotic variance to be smaller for non
reversible samplers. This means that the correlation between the samples for
the non reversible chain to be smaller. As a result, we see that the rate at
which the which ACF decreases is greater than the MH algorithm on the same
problem. This highlights one of advantages of using non reversible samplers in two
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Figure 6.23: Plotting ACF p, against lag 7, using MH algorithm and Two-
Directional I-Jump sampler. For the Multivariate Gaussian distribution target

(x|, ) where p = E} and X = Ll) (ﬂ

dimensional. We can already see a significant decay in the correlation between
the samples on a more complicated problem.

6.3.4 Rosenbrock Function

In this section we explore the Rosenbrock function. It is a notoriously difficult
function to explore. The function is concentrated inside a parabolic shaped valley.
Therefore, when trying to sample from this function it will be difficult to reach
areas of high density. The function is defined by:

fla,y) = (a—z)" +bly — 2%)* (6.9)

Typical values used for this function are a = 1 and b = 100. These are the values
we will use. Furthermore, we will follow [33], where they re-scale equation 6.9 so
that the distribution takes the shape of a curved narrow ridge, in this case we
will re scale by 1/5. Putting this all together we can get an expression for our
target target probability distribution:

m(w1,m9) = exp(—[(1 — z1)? + 100(z — 23)?]/5) (6.10)

Figure 6.24 shows the target distribution. This function is usually quite hard for
MCMC algorithms to explore. Furthermore, the seed we have set makes all the
chains start at position (-5, -5) in order to show how the chains move thought
the space and reach the desired distribution. Figure 6.25 shows the trajectories
we get from running the MH algorithm.

We can see form Figure 6.25 (a) that for the first 50 steps of the algorithm
has reached the target distribution. However, we can see the steps it has taken
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Figure 6.24: Contour plot of the 2D-Rosenbrock density as described in Equation
6.10.

(a) N _ 50 (b) N _ 500

Figure 6.25: Trajectory of the MH algorithm using Random Walk proposals
where § = 2. (a) First 50 steps (b) First 500 steps. For the Rosenbrock target
distribution 6.10.

to reach it are irregular and the algorithm finds it difficult to remain within the
areas of high density. Furthermore, this becomes more evident when we look at
(b) we can see that the chain moves in all directions jumping over to the other
side of the ridge, suggesting that the Random Walk proposal is not suitable for
this target distribution. We will now see how this trajectory compares to the
Two-Dimensional I-Jump sampler.

In this case we let 0 = 2.5 in order for & = 0.234. We also have control over
the period at which we change the direction vector y. We found that the for this
problem periodically changing the direction every 2 steps yielded the best results,
this the same as the Multivariate Gaussian Distribution. We can see form Figure
6.26 (a) that for the first 50 steps of the algorithm has reached the area of high
density that we want to sample from. Interestingly, after 500 steps the algorithm
begins to sample points from the distribution and seems to concentrate in the
areas of high density, in contrast to the MH algorithm on the same problem,
where it found it hard to remain within this area.
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Figure 6.26: Trajectory of the 2-Dimensional I-Jump sampler, where o = 2.5 and
the period is equal to 2. (a) First 50 steps (b) First 500 steps. For the Rosenbrock
target distribution 6.10.

Finally, to compare these two algorithm we will focus on the rate of decay of
the ACF, like we have been doing in the previous sections.
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Figure 6.27: Plotting ACF g, against lag 7, using MH algorithm and Two-
Directional [-Jump sampler. For the Rosenbrock target distribution 6.10.

We can see from Figure 6.27 the rate at which the Two-Directional I-Jump
sampler decays is greater than that of the MH algorithm. However, when we
compare this to previous example of the Multivariate Gaussian the rate of decay
is not as steep. This highlights the difficulty of sampling form this distribution.
Since the area which the density is high is very narrow many of the samples
will be close together and subsequently correlated. Tuning the parameters for a
larger acceptance rate could be beneficial for both samplers since they have more
flexibility to accept samples beyond the narrow ridge. Furthermore, we can see
the immediate benefits of using a non reversible sampler. We have shown that
for a more complicated target distributions the non reversible sampler preforms
better.
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6.4 Future Work

In section 6.3 we have seen the performance of both MH algorithm and the
N-Directional I-Jump sampler on different target distributions. In particular
we have made evident the substantial benefits of using non reversible samplers,
in particular by highlighting the rate at which the normalized autocorrelation
function decreased. In most cases the N-Directional I-Jump sampler decayed
quicker, which in turn reduced the asymptotic variance.

However, there are still many undiscovered areas that can be researched for
non reversible samplers. In particular, finding an appropriate average acceptance
ratio &. We suggested in subsection 6.2.1 that a larger & can yield better results
for these samplers. It is remarkable, that even though, throughout the compar-
isons we used & ~ 0.234, there still could be room for improvement if we can find
an & to appropriately tune the I-Jump samplers.

Another area of research is to methodically find methods to choose the d-
dimensional auxiliary variable y, rather than randomly, when using the N- Di-
rectional I-Jump sampler. In many cases picking an appropriate direction, like
the MALA proposal density which incorporates the gradient, could be of interest
here. That is, the algorithm can periodically pick a direction which moves to-
wards areas of higher density for a more focused search on the state space. This
will be further highlighted in the next chapter where we will be working with
higher dimensional problems.

These are some of the many areas that can be improved when working with
the N-Directional I-Jump sampler. Work on these areas will further increase the
power of sampling algorithms.

To conclude, in this chapter we have showed how to appropriately tune the MH
algorithm as well as how to find the burn in phase. We showed how to pick
different proposal density. Then we shifted our attention to the One-Directional
[-Jump sampler and tuning its parameters. Finally, we sampled from various dif-
ferent target distributions, comparing the performances between reversible and
non reversible samplers. In many cases we saw the advantages of non reversible
sampler. Finally, we proposed future research areas that can be investigated in
order to increase the power of non reversible samplers. In the next chapter, we
will continue the comparison between reversible and non reversible sampler but
applied to the context of inverse problems in imaging.

Note that all plots were implemented from scratch in Python using Matplotlib,
NumPy , Pandas and SciPy libraries, these function can be found in Appendix C.
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Chapter 7

Inverse Problems In Imaging

In this chapter we will put together all we have covered in Chapters 2 through
6 to solve inverse problems in imaging. We will begin by motivating the reader
as to why they would be interested in solving such problems. Then we will
introduce the framework, using the Bayesian inference approach, which will allow
us reformulate imaging problems as inverse problems. Finally, we will use MCMC
methods to sample from the posterior distributions in the hope to solve these
problems.

7.1 Motivation

An important question we need to ask ourselves is why are we interested in solving
such problems and how are they relevant to us?

In recent years, there has been a growth of new imaging technologies, such as
modern telescopes and medical scanners. These collect data and then put them
together to form images with a computer. In many cases, this process involves
solving an inverse problem. The unknown image u is reconstructed from indirect
observations y of the object of interest. It comes to no surprise that these imag-
ing technologies appear in a variety of real world areas, for example biomedical
imaging techniques such as computed tomography (CAT) and magnetic resonance
imaging (MRI) [5]. As a result, this highlights the importance of researching and
advancing these techniques, due to their wide range of applications.

Furthermore, in many cases, imaging problems are typically ill-posed 2.2.1.
Therefore, it is vital to develop methods and techniques to deal with this insta-
bility.

7.2 Background

In this section give a background to understand how image de-blurring and image
de-noising can be formulated as inverse problems. These are the problems we
will attempt to solve. We will begin by explaining how images are interpreted
by computers. A quick note, the original image Figure 7.1(a), which we will use
throughout this chapter, was provided by my supervisor and does not have a
known author. Other images have been made by me.
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7.2.1 Fundamentals of Image Processing

Before we can formulate imaging as an inverse problem we first need to understand
how an image can be interpreted by a computer. The most basic element of an
image is a pixel. Pixel’s are the individual points that when put together form
an image. One can visualize an image as a two dimensional array of pixels when
we are given an an image u then we can refer to a pixel as w,,,,. This will be
the pixel in the nth row and mth column. For example, when we refer to pixel
up,0 we will be referring to the pixel in the first column and row. It is also worth
mentioning that the number of rows n and the number of columns m does not
need to be the same. However, in this project we will be working with n by n
images.

Finally, I would like to briefly mention color. In this project we will be focusing
on greyscale images. The value of each pixel is a single sample representing the
amount of light is present. The values for each pixel range from 0 to 256. Black
at 0 to white at 256. However, images many take a variety of color, these can be
achieved by using the RGB color model.

7.2.2 Image De-Noising and De-Blurring

Image de-noising and de-blurring are problems that can be reformulated as an
inverse problem. Suppose you have an image with added noise. This can arise
through a range of different reasons, for example, through measurement inaccu-
racies in the instrument used to capture the image. The goal is to reconstruct
the underlying unknown image u from the observed image y, where:

y=A(u)+n (7.1)

We need to convert an image into a tangible mathematical formulation. To do
this we will work with individual pixels. Each pixel of the observed image is given
by yi.; = A(uij)+n, where in this case 7 is the observational noise, n ~ N(0, 0?).
Each pixel of the unknown image u; ; is perturbed by some blurring operator A,
a linear operator. In many cases one needs to know the blurring operator A
before hand or at be able to approximate it, in order to solve these problems.

The blurring operator A is applied to each pixel u;; of the unknown image
independently. Each of the elements in the matrix has an associated weight to it,
know as the importance weights. To illustrate this suppose we have the following
blurring operator A:

0 w1 0
A= |wy w3 wy (7.2)
0 Ws 0

We can apply this operator on some pixel u; ; then observed pixel once it under-
goes the transformation is given by y; ; = wiu;y1j + waty j—1 + W3, j +Watt; j11 +
wsu;—1,;. What is happening is that all the surrounding pixels influence the cur-
rent pixel with a certain weight w;. Notice that this is just an example, this can
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be generalized to:

Yij = Z Walg (73)

a€N (i.j)

Where N (i, j) are the neighbourhood of pixel u; j, that is the pixels around wu; ;.
The key difference between image de-blurring and image de-noising is that
when we deal with image de-noising the blurring operator A is the identity thus
the observation is in the form of y = u+n. In Figure 7.1, we can see the difference
highlighted by the subfigures (b) and (c). We can see that blurring and adding
noise to an image are very different. Intuitively, the noise can be thought as a
camera not in focus while blurring could be thought as the camera moving.

(a) Original Image (b) Noisy Image (c) Blurred Image

Figure 7.1: Comparison between original image (a), noisy image with added noise
to each pixel where n ~ N(0,5) (b) and image blurred with no noise where the
blurring operator A = £=1'5*'5_ that is the 15 by 15 identity matrix times £ (c).

7.3 Framework

In this section we will discuss how to formulate image de-blurring and de-noising
using the Bayesian inference approach, explained in Chapter 3. Recall, from The-
orem 3.2.1, we need to derive an expression for the posterior distribution 7(uly)
which is proportional to L(y|u)m,,(u) where L(y|u) is the likelihood function and
Ty (1) is the prior.

Prior

We will being by defining the prior. We mentioned in subsection 3.2.1 that in
order to make appropriate prior one usually needs have knowledge of the domain.
In this case we since we are working with images we use the Total Variation
(TV) prior [19, p. 97]. We will use this prior for both image de-noising and
de-blurring.

The Total Variation (TV) prior is a measure of the “accumulated size of the
edges in the image” [19, p. 98]. Intuitively, what this prior is telling us is that
for sharper images, that is images with greater difference between the pixels, are
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more likely to be undisturbed images thus will be given higher probability. The
total variation of the image u is given by:

n

=3 "N (DY,)2; + (D u)?;) (7.4)
7j=1

=1

“For periodic boundary conditions the circulant matrix D, ,, can be used to
compute first derivatives” [19, p. 99]. This ensures that when wu is the constant
image, then 7" (u) = 0. The circulant matrix Dy, is given by:

-1 1 0 0
-1 0 E
Dim =10 0 (7.5)
-1 0 1
| 0 0 -1 1

Likelihood

What is left to define is the likelihood function L(y|u). We assume that the noise
for each pixel is given by 7 ~ N(0,0?). We know that each pixel is given in the
following form y; ; = A(u; ;) +n. Then y; ; ~ N(A(u;;),0?) since it is a random
variable centred at A(u; ;) with the same standard deviation as the noise. As
result we have explicit expression for the likelihood for each pixel, given by:

L(ysjluig) ~ N(A(uig),0%) (7.6)
Note that in the case of image de-noisng the blurring operator A = I, therefore
we have that the likelihood will be given by L(y; j|u; ;) ~ N (u;;,07).

We have found an expression for the likelihood for each pixel. We need to
generalize this for the whole image y by using a multivariate Gaussian distri-
bution. We know that we will be working with n x n images. Therefore, since
each pixel A(u; ;) is the mean of the Gaussian distribution given in equation 7.6.
For some image u we can apply the blurring operator A on each pixel and then
flatten it. This will result in a n? dimensional vector which will be the mean of
the multivariate Gaussian defined by p = [A(uop), ..., A(tny)]. Furthermore, we
let 021 be the n x n covariance matrix, since we know that each pixel has the
same standard deviation. Therefore, the likelihood for the whole image is given
by:

L(ylu) ~ N (u, o°1) (7.7)

where NV in this case is a multivariate Gaussian distribution. Similarly like before,
when we will let A = I when dealing with image de-noising.

As a result, when we put equations (7.4) and (7.7) together we get an expres-
sion for the posterior distribution:

m(uly) o< Ly|u)m,,” (u) (7.8)
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This is when MCMC methods come into play. We need methods to explore
this posterior distribution. We can use MCMC methods, covered in Chapters 4
and 5, to sample from 7 (uly) directly, since we have found an expression which is
proportional to it. In this particular problem we are interested in reconstructing
the unknown image u. Therefore, a point estimate, such as MAP or CM, would
be a sufficient solution to the inverse problem. Note that in order to calculate
the CM we use equation 3.13. The CM can be thought as the average image
created over all the images sampled. We can find the average value for each pixel
and reform them into an image. Likewise, to calculate the MAP estimate we will
evaluate all the samples we have produced at the posterior distribution 7(uly)
and return the sample with highest value as our point estimate.

7.4 Implementation

In this section we will implement MCMC methods to sample from the posterior
distribution given in equation 7.8. Once we have these samples we will calculate
point estimates to attempt to reconstruct the unknown image u from the observed
image y, and compare the performances of reversible and non reversible samplers
on these problem.

7.4.1 Solution to Image De-Noising

We will first work with image de-noising. In particular the observed image y has
added Gaussian noise in the form of 7 ~ N (0, g[ ). We will fist reshape our image
to a smaller dimensional one. To be able to preform more and quicker runs. We
will be working with the scaled image. The unknown scaled image u is given by
Figure 7.2 (b) and the observed image y by Figure 7.2 (¢) with Gaussian noise
added to each pixel. As a result, the inverse problem is to reconstruct image u
given image .

Furthermore, when working with images, we will flatten them as explained
in section 7.3. As a result, the MCMC methods will be sampling from a high
dimensional space. In this case in a 16 x 16 = 256 dimensional space, since the
images are scaled down to be 16 by 16 in size. This will be a major challenge for
both reversible and non reversible samplers, as we shall see.

Since we have we wish to sample from 7(u|y) we define the target distribution
to be L(y|u)myry(u). We now need to tune the MCMC methods. In particular
we will use the Metropolis Hastings (MH) algorithm with Random Walk proposal
and the N-Directional I-Jump sampler. We will tune both algorithms such that
average acceptance ratio & =~ 0.234, for consistency. It is important to mention,
that since this problem is high dimensional, we initialize the samplers to start
from the given observed image y, Figure 7.2 (¢). In order to incorporate as much
information we can.

Suppose, we initialize the chain at some random point in the sample space,
due to the curse of dimensionality this point will likely have close to zero density
under the target distribution L(y|u)myry-(u). As a result, we will be too far from
the desired distribution. In fact, this can be seen from Figure 7.3 where the &
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(a) Unknown Image. (b) Unknown Scaled Image. (c) Scaled Image with noise.

Figure 7.2: Scaling our unknown image (a) into one with smaller dimensions (b).
In this case we have scaled the unknown image by 1—16. The unknown image (a)
is an 256 by 256 pixels the scaled one is now 16 by 16 pixels. Finally we add
Gaussian noise from a N'(0,21) to the scaled image u (b) to get the observed

image y (c).

fell to zero when both algorithm started to take larger step sizes, suggesting a
low target probability, when taking large step sizes.

We begin by tuning the MH algorithm, we can see that from Figure 7.3 (a)
B =~ 0.2. This is a very small step size, as a result this will pose a problem to
explore the state space. We can see that for a larger step size, where g > 0.3
then & ~ 0. This means that most of the samples are rejected when we start to
take larger step sizes. Also notice that when § < 0.15 then & = 1, this is because
the steps are so small that we in fact accept lots of proposals x/.

Furthermore, we also need tune the parameter o and the periodicity for the
N-Directional I-Jump sampler. After running various different combinations of
periodicity and o, we can see from Figure 7.3 (b), that o ~ 0.15 and periodicity
of 10 works best for this problem, again suggesting a small step size. It is worth
mentioning that, finding an appropriate periodicity to change the direction y
poses to be a problem. We know there is a direction of movement y, benefits
most from in non reversible chains [25]. Therefore, as we shall see it is vital to
propose ways of finding an appropriate direction y.

Furthermore, Figure 7.3 (b) differs from (a), since we decide in what direction
y we sample from. In many cases even with very small step sizes, we do not accept
the proposals in certain directions y, since we could be moving to low density
areas of the state space. So, we do not see the horizontal line for o < 0.15.

Once we have found these parameters we can sample from the target distri-
bution m(y|u). In this example, we will run the MCMC algorithms for 10000
iterations. Furthermore, to see how good these estimates are we will calculate
the mean square error (MSE) between the unknown image u and the point
estimate produced. The mean squared error simply measures the squared differ-
ence between each pixel, if this measure is small then the images are more alike.
The MSE between the unknown image scaled image u and observed image y, is
543.92, to 2 decimal places. Therefore, smaller values than this suggests a better
estimate. In Figure 7.4 shows the CM and MAP point estimates produced.
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Figure 7.3: & against different parameter values. Tuning parameters for (a) MH
algorithm with Random Walk proposal and (b) N-Directional I-Jump sampler for
7(uly) target distribution. We used 50 different values of 5 and o between 0 and
0.8, for each parameter we ran the algorithms for 1000 iterations.

CM MAP
MH algorithm with Gaussian proposal | 544.04 | 543.92
N-Directional I-Jump sampler 542.40 | 542.22

Table 7.1: Comparison between MH algorithm and N-Directional I-Jump sam-
pler. MSE for each of the point estimates with respect to the unknown scaled
image u, Figure 7.2 (b). For image de-noising.

We can see form Table 7.1 that MH algorithm has a larger MSE value for the
CM point estimate and the same MAP compared to the observed image y. The
MAP has the same value as the observed image y since it was the position from
where the algorithm started. This tells us that the MH algorithm in fact moved
away from our unknown image wu, thus producing estimates u/ that where less
similar to the unknown image u. In contrast, we can see that the N-Directional
[-Jump sampler in fact produced smaller MSE values for both the point esti-
mates compared to the observed image y. We can therefore conclude that the
N-Dimensional sampler indeed moved towards the direction of the unknown im-
age u. We will discuss this in depth in section 7.5. What is important to note is
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that all the point estimates produced by the samplers are similar to the observed
image y. This can be seen in Figure 7.4. We know from Figure 7.3 that the step
sizes are small for both algorithm and so they cannot explore the state space well
thus remaining close to the initial image.

) Observed Image. ) CM point estimate. ) MAP point estimate.
) Observed Image. ) CM point estimate. ) MAP point estimate.

Figure 7.4: Point estimates when produced by MCMC methods for image de-
noising. Top row: Comparing the observed image (a) to the point estimates
CM (b) and MAP (c) found using MH algorithm with Random Walk proposal.
Bottom row: Comparing the observed image (d) to the point estimates CM (e)
and MAP (f) found using the N-Directional I-Jump sampler.

7.4.2 Solution to Image De-Blurring

We will now work with image de-blurring. We first need to define the blurring
operator A we will use in this example. In this case the blurring operator is:

A= (7.9)

O O wlir
S wi= O
w= O O

Like before, once we have scaled down our unknown image we then can apply the
blurring operator A to each pixel to create the observed image y. Notice that in
this case there is no additive noise. As a result, the inverse problem is to recreate
the unknown scaled image u, Figure 7.5 (b) given the observed image y, Figure
7.5 (c). Like before we initialize the samplers to start from the given observed
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image y.

(a) Unknown Image. (b) Unknown Scaled Image. (c) Observed Image.

Figure 7.5: Scaling our unknown image (a) into one with smaller dimensions (b).
In this case we have scaled the unknown image by %. The unknown image is an
256 by 256 pixels the scaled one is now 16 by 16 pixels. Finally the observed image
y (c) is the scaled unknown image u (b) after applying the blurring operator A,
defined in equation 7.9.

Again, we tune the parameters such that the average acceptance ratio & =~
0.234, for consistency. We have decided to omit the graphs in this section since
for both imaging problems we found that the parameters where the same for both
problems. In particular, for the MH algorithm £ = 0.2 and for the N-Directional
[-Jump sampler we found o = 0.15 and the period to be 10. This is expected due
to the similarities between the problems.

Furthermore, the MSE between the unknown image u and observed image y
is 1207.97, to 2 decimal places. This means that if we can get a MSE value
smaller than 1207.97 we are moving towards the unknown image wu.

CM MAP
MH algorithm with Gaussian proposal | 1208.23 | 1207.97
N-Directional I-Jump sampler 1206.58 | 1202.02

Table 7.2: Comparison between MH algorithm and N-Directional I-Jump sam-
pler. In particular we calculate the MSE for each of the point estimates with
respect to the unknown scaled image, Figure 7.5 (b). For image de-blurring.

We can see form Table 7.2 that, like before, the MH algorithm has a larger
MSE value for CM estimate and the MAP estimate is the same as the MSE of
the observed image y and the unknown image w. This suggests that the MH
algorithm in fact moved away from our target image, thus producing estimates
that where less similar to the unknown image u. Furthermore, the MAP was
the same in fact the observed image y since we initialize the algorithm form this
position thus all other samples proposed where in fact worse MAP estimates.

Furthermore, we can see that the N-Directional I-Jump sampler in fact pro-
duced smaller MSE values for both the point estimates compared to the observed
image. Therefore the N-Directional sampler indeed moved towards the direction
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of the unknown image u. This was consistent for both types of problems. Sug-
gesting that in fact the non reversible sampler in fact preformed better, but to
what extent? Again, we need to highlight that all the point estimates produced
for both samplers where similar to the observed image y, given in Figure 7.6.

s

(a) Observed Image. (b) CM point estimate. (c) MAP point estimate.

n Il n Ol m

(d) Observed Image. (e) CM point estimate. (f) MAP point estimate.

Figure 7.6: Point estimates when produced by MCMC methods for image de-
blurring. Top row: Comparing the observed image (a) to the point estimates
CM (b) and MAP (c) found using MH algorithm with Random Walk proposal.
Bottom row: Comparing the observed image (a) to the point estimates CM (b)
and MAP (c) found using the N-Directional I-Jump sampler.

7.5 Takeaways

This problem has highlighted the difficulty of sampling form high dimensional
target distributions. The point estimates produced for both problems remained
close to the observed image y. We know that by the Theorem 4.3.1, we would
expect to sample from the target distribution. However, we need to ask ourselves
if we could preform more iterations, will this yield better solutions or should we
be looking else where to solve these types of problems? Let us begin with the
first question: will preforming more iterations will result in better solutions?
Recall that both algorithms had a small step size when tuned. However, this
is not ideal, since we would like to explore the state space, thus in both cases
we remained within a close range of the observed image y, since this is where
we initialized the algorithms from. For the MH algorithm with a Random Walk
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proposal, we know that for any value of § we have that & — 0 as dimension
d, — oo [12], thus always remains close to the observed image y. In fact, this
explains the results from tables 7.1 and 7.2. As a result, this rules out the MH
algorithm, since we know it will not produce better results with more iterations.

We can then shift our focus to the N-Directional [-Jump sampler. Notice that
the step size is small, again due to the curse of dimensionality it is difficult to
take large step sizes, as seen by Figure 7.3 (b). So lets us discuss results from
tables 7.1 and 7.2. In both case the N-Directional I-Jump sampler produced
smaller MSE values for the point estimates than the original image y. This is due
to the fact that the algorithm randomly picks a d-direction auxiliary variable y.
So, it was in fact fortunate to pick y such that it proposed samples in areas of
higher density, resulting in better estimates. This motivates us to methodically
pick y rather than randomly. In many cases, moving in a certain direction will
not produce better samples. Thus the algorithm spends time proposing samples
that will be rejected. This explains why in this example periodically changing y
every 10 iterations worked best. Since it allowed the algorithm to explore many
different directions in this space.

As a result, I suggest an alternative heuristic for changing y. We dynamically
increase or decrease the periodicity when the algorithm is accepting more samples,
in a given direction y. This will allow it to continue moving in this direction for
a longer period of time. In turn, converging towards the stationary distribution
of the chain. Since we know that “there is always a direction of exploration,
y, that enjoys most of the benefits from irreversibility” [25]. An alternative,
is to incorporate gradients information such that we move towards the target
distribution, in a similar fashion in which the MALA proposal works.

Therefore, more iterations could produce better estimates if we can appropri-
ately explore the state space. However, there could be better methods to solve
imaging problems since these problems are generally high dimensional spaces, and
sampling methods struggle to explore them. This takes us to the second question.
Should we be looking else where to solve these types of problems? The optimisation
approach has been shown to solve such problems. In [43], the Bayesian framework
is used in union with the optimisation approach where they aim to minimize the
negative log posterior probability density function m(uly) = L(y]u)ﬂgrv(u). They
incorporate the prior knowledge as a the regularisation term, in the paper they
used various different priors, including the Total Variation prior. Solutions of the
where found by solving:

X 1
@ = arg min,, 5“9 — Aul]3 + Mryrp (1)) (7.10)

where u is the reconstructed image and A is the regularization parameter. There-
fore, even though there are several advantages of using the Bayesian inference
approach to solve inverse problems, we need to make sure to choose most ap-
propriate approach for the problem. In this case the optimisation approach is
suitable since we require a point estimate, the restored image.

Note that all plots and functions were implemented from scratch in Python.
As well as the images. These functions can be found in Appendiz D.
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Chapter 8

Conclusion

We have come to the end of the project. We began by introducing inverse prob-
lems. Throughout the project we highlighted different methods of solving inverse
problems; then shifted our attention to MCMC methods, where we distinguished
between reversible and non reversible samplers. We then explored a range of
different target distributions comparing performances between the two types of
samplers. Finally, we put all of these concepts together to solve inverses problems
in imaging. As a result, we can look back at our project objectives to see how we
have completed them:

1.

In Chapters 1 and 2 we introduced inverse problems are and how we can
solve them. We dove into reformulating inverse problems such that they
could be solved with the Bayesian inference approach.

. In Chapter 3, we motivated the reader to understand why one would want

to use MCMC methods and described in depth what they are and how they
work, linking this back to inverse problems.

. In Chapter 3 and 6 we introduced the Metropolis Hastings algorithm and

walked through several detailed examples to show the importance of tuning
its parameters.

In Chapter 4, we introduced non reversible samplers and motivated the
reader to use them. We then gave details on how to implement them. In
Chapter 6, we illustrated the benefits of these algorithms through several
examples. We also indicated areas of future research for non reversible
samplers, which could be beneficial for the larger field.

. Finally, in Chapter 7 we showed how we can apply all we have learnt

throughout the project to solve inverse problems in imaging, motivating
the reader to understand why these are important problems to solve.

It is important to understand that the techniques covered in this project
are only the surface of two extensive fields. Perhaps, more importantly, is the
significance of these methods. We have seen that they appear in a range of
different disciplines where they attempt to solve real world problems.
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Appendix A

Derivations

Derivation of example in section 3.4

We measure u directly with some additive noise e € E. In this case the inverse
problem is in the form of y = u + e. We want to determine the value of v € U
from observed data y € Y. We assume that U ~ N(0,1) and E ~ N(0, ¢?). The
prior denoted as 7,,(u) which has the form of a A(0,1) and the noise denoted as
Tnoise(€) which has the form of a A/(0, 0%). We can get an explicit formula for
the posterior distribution.

7 (uly) o ﬂ(yIU)Wpr(w

X Tnoise(Y — W) Tpr (U

= % . 2)\/1_exp< 1(u—0)2)

(ol
e (uly) = exp (50— 0 - 51 1)

Now we want to rewrite (1) such that it takes form of the probability density
function of a normal distribution, so we have explicit expression for it. That is
we want to find constants u, K, and ¢/, such that:

e (uly) = exp (sl — 0 + ) @)
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To do this we focus on expression within the exponential of equation (1):

1 o1 Loy oy Lo
(g — = —— (1 — oy — s
5oz (Y —u) = u 5oz (Y — 2uy — ) — Su
1/1 1
=5 (_g(yz) - ;(%y) + —(u?) + Uz)
1/ ,(1 , 1
=3 (u (; + 1> — J—(2uy) +y —2)
1 1 1
—T‘Z(Q—U)Z—?ﬂ: —5 (uza—26u~|—c) (3)
1 1
Where we have that a = — + 1,0 = %,c = y2_2
o o o

To achieve the form we want (2) we can complete the square on the expression
(u?a — 2bu + ¢) given in equation (3).

2bu ¢ b b?
2 2 2
—2bu+c) = -+ )= ——)4+c—— 4
(u a U c) a(u , a) a(u a) c , (4)
We can now substitute the above expression (4) into the original expression (1)

such that we get.

7 (uly) = exp <—% (a(u - 2)2 +e- g)) = exp (—g(u - 2)2 e b—2>)

2 a

(5)

The last expression (5) is exactly in the form we want it in. We can no compare
it to the expression of probability distribution of a normal distribution, in order
to get the explicit parameters we are interested in. In particular, the mean p and
variance (0’)? of the new function. To do this we need to find the constants u, o’
and K. Recall that: a = % +1,b=%,c= y%%. First we find pu:

b % y o2 y
a =S+1 o*l+o 1+o0
Now we can find (¢)? of the new function, notice that —ﬁ = —$% if we rear-

range this equation and substitute a we get:

1
(0-,)2252 1 :M: (7)
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Finally, we can find K:

K:—l(c—bj)
2 a

1/ ,1 (%)?
:_ﬁ(yﬁ_a—gH)

1 92 Y \2 o’
-5 (&)

2 2 2

K:_%(%_af—faﬁ) (8)

We can now completely define the new posterior distribution. This is because
we know the values for the mean and standard deviation of this new function.
We have that the posterior distribution can now be written as:

(uly) = exp (5 27 - 3= )
= exp (—2<;)2 (u— p)?+ K)

1 (u—p\> 2
7 (uly) o< exp <—§ (u M) ) where p = 1f_/ and (o) = ? (9)

o’ o?
As a result we have completed our derivation where we have found an ex-

pression for 7 (u|y) given in equation (9). We do not need to worry about the
constant term K since it does not depend on wu.
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Appendix B

Markov chain Monte Carlo
Methods

Python implementation of the Metropolis Hastings Algorithm in one and higher
dimensions.

1 import numpy as np
import pandas as pd
from scipy import stats
import random

2

3

class Reversible_Sampler ():

Class definition for the reversible sampler.
In both one and two dimensions.

def __init__(self, N, dimension, target_distribution,
proposal):
#Beta values which we get from the proposal
self .beta = proposal.beta
#N is the number of iterations the algorithm runs (int)
self .N = N
#dimension of the state space (int)
self .dimension = dimension
#proposal density defined using Class Proposal.
self .proposal = proposal
#target_distribution defined using the Class definitions
#for target distributions.
self.target_distribution = target_distribution
def Reversible_Metropolis_Hastings_Algo (self):

Implementation of the Metropolis Hastings Algorithm.

Output:

-samples: List of samples which are integers or tuples
-list_acceptance_probaility: List of acceptance
probabilities used for tuning the algorithm.

# initialize in this case we set the initial sample
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proposal_density_t.pdf (x_prime))

#Calculate acceptance ratio

if numerator == O0:
acceptance_probaility = 0
elif denominator == O0:
acceptance_probaility = 1
else:
acceptance_probaility = float(min([1l,numerator/

denominator]))

#Add acceptance ratio to
#list_acceptance_probaility
list_acceptance_probaility.append (

acceptance_probaility)

#Sample a random variable
rv = np.random.uniform(0,1,1)

Introduction to Inverse Problems and Markov Chain Monte Carlo Methods — 87

# between 1 and 10 so has positive probability

# can be any value with positive probability.

if self.dimension == 1:
x_0 = np.random.randint (1,10, size=1) [0]
x_t = x_0

# Initialise for higher dimension between O and 1

# Again this can be any position.

else:
x_0 = list(np.random.rand(1l,self.dimension) [0])
x_t = x_0

#list of samples generated by the algorithm

samples = [x_0]

#list of acceptance ratio at each iteration

of the algorithm

list_acceptance_probaility = []

#We define two new variables such that they are the

#Proposal and posterior distirbution of the problem

posterior_distribution = self.target_distribution

proposal = self.proposal

#Begin iterations

for t in range(self.N):
#Sample a proposal x_prime from proposal at x_t
x_prime = proposal.get_random_variable(x_t)
#Proposal density at x_prime and x_t
proposal_density_prime = proposal.get_dist(x_prime)
proposal_density_t = proposal.get_dist(x_t)
#Evaluation of the numerator of acceptance ratio
numerator = posterior_distribution.pdf(x_prime)*float

(proposal_density_prime.pdf (x_t))

#Evaluation of the denomiantor of acceptance ratio
denominator = posterior_distribution.pdf (x_t)*float(
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#Accept or reject step

if rv <= acceptance_probaility:
#Accept: we update x_t to x_prime
x_t = u_prime
samples.append (x_t)

RLEE 8
#Reject: we remain at x_t
x_t = x_t

samples.append (x_t)

#Return the samples and all the acceptance probabilities

return samples, list_acceptance_probaility

Python implementation of the proposal densities used by the Metropolis Hast-

ings algorithm.

import numpy as np
import pandas as pd
from scipy import stats
import random

class Proposal():
nnn
This class defines the proposals can be used for
the reversible sampler,
These need to be defined since they will be
algorithm of choice.

used in the

In particular we have 4 possible proposals:
-Random walk

-Random walk two dimensions

-Random walk n dimensions

-Pre-Condtioned Crank Nicolson
nnn

def __init__(self,

beta, pick):

To initialize we need two parameters,
for the algorithm beta
proposal to pick (str).
The pick variable can take 4 values:
-Random walk: "random_walk"
-Random walk two dimensions:
-Random walk n dimensions:

-Pre-Condtioned Crank Nicolson:
nunn

"random_walk_2d"
"random_walk_nd"
n pCN n

beta
pick

self .beta
self .pick

def get_random_variable(self, x_t):

nmnn
Depending on the proposal it returns a
random variable given sample x_t.

the Metropolis Hastings Algorithm.

first the parameter
(int) and we need to decide which

if self.pick ==
return self.
if self.pick =

"random_walk":
random_walk(x_t) .rvs ()
n pCN n :
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def

def

def

def

def

return self.pCN(x_t).rvs()

if self.pick == "random_walk_2d":
return self.random_walk_2d(x_t).rvs()
if self.pick == "random_walk_nd":

return self.random_walk_nd(x_t).rvs ()

get_dist (self, u_t):

nmnn

Depending on the proposal it returns the
distribution of the proposal.

if self.pick == "random_walk":
return self.random_walk(u_t)

if self.pick == "pCN":
return self.pCN(u_t)

if self.pick == "random_walk_2d4d":
return self.random_walk_2d(u_t)

if self.pick == "random_walk_nd":

return self.random_walk_nd(u_t)

random_walk (self, x_t):

nun

Definition of random walk distribution
centred at sample x_t.

return stats.norm([x_t],[self.betax*x*x2])

pCN(self, x_t):
Definition of pCN distribution
centred at sample x_t.

return stats.norm([np.sqrt(l-self.betax*2)*x_t],[8*self.
betax**2])

random_walk_2d(self, x_t):
nun
Definition of random walk two dimesnional

distribution centred at sample x_t.
nmnn

return stats.multivariate_normal ([int(x_t[0]),int(x_t[1])
],[[self.beta**x2,0],[0,self.beta*x*x2]])

random_walk_nd(self, x_t):

nmnn

Definition of random walk n dimensional

distribution centred at sample x_t.

mnn

n = len(x_t)

return stats.multivariate_normal(x_t, np.eye(n)*(self.

beta*x*x2))

Python implementation of the One-Directional I-Jump sampler and N-Directional
[-Jump sampler.

import numpy as np
import pandas as pd
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3 from scipy import stats
4 import random

6 class Non_Reversible_Sampler ():
7

Class definition for the non reverisble sampler.
Both in one dimension and n dimensions.

nmnn

def __init__(self, alpha, beta, N, dimension,
target_distribution) :

#Alpha for the gamma distrbution (a)
self .alpha = alpha

#Beta for the gamma distrbution (b) / also used as sigma

for n dimensional
self.beta = beta

#N is the number of iterations the algorithm runs (int)

self .N = N
#dimension is the dimension of the state space.
self .dimension = dimension

#target_distribution defined using the Class definitions

#for target distributions.
self.target_distribution = target_distribution

def One_Directional_ I_Jump_Sampler (self):

Implementation of the One-Directional I-Jump sampler.

Output:

-samples: List of samples which are integers.
-list_acceptance_probaility: List of acceptance
probabilities used for tuning the algorithm.

nmun

# initialize in this case we set the initial sample
# between 1 and 10 so has positive probability

# can be any value with positive probability.

x_0 = np.random.randint (1,10, size=1) [0]

x_t = x_0

#list of samples generated by the algorithm
samples = [x_t]

#list of acceptance ratio at each iteration of the
#algorithm

list_acceptance_probaility = []

#We define variables such that they are the
#posterior distribution of the problem

posterior_distribution = self.target_distribution

#We dinitialize the z indicator random variable

rv_z = np.random.uniform(0,1,1)
z =0
if rv_z < 0.5:
z =1
else:
z = -1
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self.

#defining the gamma distirbution used for the proposal of
#samples.
gamma_distribution = stats.gamma(a=self.alpha, scale=1/

#Begin iterations
for t in range(self.N):

#Indicator variable direction to move in.
if z > O:

#Sample a proposal x_prime from proposal at x_t
#(Move to the right)
X_prime = x_t + gamma_distribution.rvs()

# numerator of acceptance ratio
numerator = posterior_distribution.pdf(x_prime)*

gamma_distribution.pdf (x_prime - x_t)

#denominator of acceptance ratio

denominator = posterior_distribution.pdf (x_t)*
gamma_distribution.pdf (x_prime - x_t)
#Calculate acceptance proability
if numerator == O0:
acceptance_probaility = 0
elif denominator == 0:
acceptance_probaility = 1
else:
acceptance_probaility = float(min([1,

numerator/denominator]))

else:

# sample a proposal x_prime from proposal at x_t
# (Move to the left)
x_prime = x_t - gamma_distribution.rvs()

#numerator of acceptance ratio
numerator = posterior_distribution.pdf(x_prime)*

gamma_distribution.pdf (x_t - x_prime)

#denominator of acceptance ratio

denominator = posterior_distribution.pdf (x_t)x*
gamma_distribution.pdf (x_t - x_prime)
# Calculate acceptance proability
if numerator == O0:
acceptance_probaility = 0
elif denominator == O0:
acceptance_probaility = 1
else:

float (min ([1,

acceptance_probaility

numerator/denominator]))
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#Add acceptance ratio to
#list_acceptance_probaility
list_acceptance_probaility.append (

acceptance_probaility)

def

#Sample a random variable [0,1]
rv = np.random.uniform(0,1,1)

#Accept or reject step

if rv <= acceptance_probaility:
#Accept update x_t to x_prime
x_t = x_prime
samples.append (x_t)
#leave z unchanged
zZ = 2z

else:
#Reject remain at x_t
x_t = x_t
samples.append (x_t)
#update the indicator =z
z = —-1x%xz

#Return the samples and all the acceptance probabilities
return samples, list_acceptance_probaility

N_Directional_I_Jump_Sampler (self, period):

Implementation of the N-Directional I-Jump sampler.

Input:
-period: periodicity to change the direction of auxiliary
variable y_p. (int)

Output:
-samples: List of samples which are integers.
-list_acceptance_probaility: List of acceptance

probabilities used for tuning the algorithm.
nmnn

#Initialize at a random position
x_0 list (np.random.rand(1,self.dimension) [0])
X_t x_0

#Define the possible directions we can move in

direction_vectors = np.eye(self.dimension)
#Pick a random direction for auxiliary variable y_p
y_p = direction_vectors[np.random.randint (self.dimension)

#list of samples generated by the algorithm
samples = [x_t]

#list of acceptance ratio at each
#iteration of the algorithm
list_acceptance_probaility = []

#We define variables such that they are the
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#posterior distribution of the problem
posterior_distribution = self.target_distribution

#We initialize the z indicator random variable

rv_z = np.random.uniform(0,1,1)
z =0
if rv_z < 0.5:
z =1
else:
z = -1

#Define sgn function which calculates
#the dot product of 2 vectors
#returns 1 greater than O or -1 otherwise
def sgn(eta,y_p):
x = np.dot(eta,y_p)
if x >= 0:
return 1
else:
return -1

#Define a multivariate normal distribution

#used to propose samples

multivariate_normal = stats.multivariate_normal (np.zeros/(
self .dimension) ,self.beta**2*np.eye(self.dimension))

#Define a half space multivariate Gaussian distribution
#f for one direction
def f_pdf(z, y, y_p):
x = np.dot(y_p,z-y)
if x >= 0:
return (2/(2*np.pi*self.beta)**(self.dimension/2)
*np.exp ((-1/2)*np.linalg.norm(z-y) **2))
else:
return O

#Define a half space multivariate Gaussian distribution
#g for other direction
def g_pdf(z, y, y_p):
x = np.dot(y_p,z-y)
if x >= 0:
return O
alls@ s
return (2/(2*np.pi*self.beta)**(self.dimension/2)
*np.exp ((-1/2)*np.linalg.norm(z-y) **2))

#Begin iterations
for t in range(self.N):

# Change direction y_p periodically
if tYperiod == O0:
y_p = direction_vectors[np.random.randint (self.
dimension)]

#Indicator variable telling us in
#what direction to move in.

93



Introduction to Inverse Problems and Markov Chain Monte Carlo Methods 94

212 if z > O:

213

214 #Create a multivariate Gaussian distribution
215 #random variable

216 eta = multivariate_normal.rvs()

217 #Sample a proposal x_prime from

218 #proposal at x_t with f.

219 x_prime = x_t + sgn(eta,y_p)*eta

220

221 # numerator of acceptance ratio

222 numerator = posterior_distribution.pdf (x_prime)*

g_pdf(x_t, x_prime, y_p)

224 # denominator of acceptance ratio
225 denominator = posterior_distribution.pdf (x_t)x*
f_pdf (x_prime, x_t, y_p)

227 #Calculate acceptance proability

228 if numerator == 0:

229 acceptance_probaility = 0

230 elif denominator == O0:

231 acceptance_probaility = 1

232 else:

233 acceptance_probaility = float(min([1,

numerator/denominator]))

235 else:

236

237 #Create a normal distribution random variable

238 eta = multivariate_normal.rvs()

239 #Sample a proposal x_prime from

240 #proposal at x_t with g.

241 x_prime = x_t - sgn(eta,y_p)*eta

242

243 #numerator of acceptance ratio

244 numerator = posterior_distribution.pdf(x_prime)x*

f_pdf (x_t,x_prime, y_p)

246 #denominator of acceptance ratio

247 denominator = posterior_distribution.pdf (x_t)x*
g_pdf (x_prime, x_t, y_p)

248

249 #Calculate acceptance proability

250 if numerator == 0:

251 acceptance_probaility = 0

252 elif denominator == O0:

253 acceptance_probaility = 1

254 else:

255 acceptance_probaility = float(min([1,
numerator/denominator]))

256

257 #Add acceptance ratio to

258 #list_acceptance_probaility

259 list_acceptance_probaility.append (

acceptance_probaility)

260
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#Sample a random variable [0,1]
rv = np.random.uniform(0,1,1)

#Accept or reject step

if rv <= acceptance_probaility:
#Accept
x_t = x_prime
samples . append (x_t)
#leave z unchanged
Z=Z

else:
#Accept update x_t to x_prime
x_t = x_t
samples.append (x_t)
#update the indicator =z
z = —-1x*xz

#return the samples and all the acceptance probabilities

return samples, list_acceptance_probaility

Python target distributions used by both Reversible and Non Reversible Sam-

plers.

import numpy as np
import pandas as pd
from scipy import stats
import random

class Normal_Distribution():

def

def

__init__(self, mu, sigma):

mu = mean of distribution (int)

sigma = standard deviation of distribution (int)
nmnn

self .mu = mu

self .sigma = sigma

pdf (self, x):

nmun

Returns pdf value at x. Where x is the

value we want to evaluate

nnn

from scipy import stats

return stats.norm([self.mul,[self.sigmal).pdf (x) [0]

class Log_Normal_Distribution():

def

def

__init__(self, mu, sigma):

mu = mean of distribution (int)

theta = standard deviation of distribution (int)
nnn

self .mu = mu

self.sigma = sigma

pdf (self, x):
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Returns pdf value at x. Where x is the

value we want to evaluate.

nnn

from scipy import stats

return stats.lognorm([self.sigmal],loc=self.mu).pdf (x) [0]

class Gaussian_Mixture () :

def

def

__init__(self, pi_s):

pi_s = pi_s is a list of normal

distributions made with stats.norm([mu],[sigmal)
nnn

self .pi_s = pi_s

pdf (self, x):
Returns pdf value at x. Where x is the

value we want to evaluate.
nun

return sum([pi.pdf(x) for pi in self.pi_s])

class Multivariate_Gaussian():

def

def

__init__(self, mu, covariance):

nun

mu = mean of distribution (list of int). Example: [10,5]
covariance = covariance matrix (list of lists of int).
Example: [[1,0],([0,1]]

nun

self .mu = mu

self.covariance = covariance

pdf (self, x):

nun

Returns pdf value at x. Where x is

the value we want to evaluate.

nun

from scipy import stats

return stats.multivariate_normal (self.mu,self.covariance)

.pdf (x)

class Rosenbrook_2D_Function () :

def

def

__init__(self, coef_1):

coeff_1 = Scaling variable (int)
nmun

self.coef_1 = coef_1

pdf (self, x):

Returns pdf value at x. Where x is the

value we want to evaluate.
nun
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return np.exp (-((100*(x[1] - x[0]**2)**2 + (1 - x[0])**2)

/self.coef_1))

Functions used to be able to calculate the normalized autocorrelation which

we later plotted in Chapter 6.

class Variance_Analysis ():
nnn
Class used for the variance analysis. In particular
this class lets us calculate:
-the normalized autocorrelation function for
different time lags
-asymptotic variance
-integrated autocorrelation

-variance of estimator
nnn

def __init__(self, list_samples):
nmnn
We need list_samples. This is a list of samples
created by an algorithm.
nnn
self.list_samples = list_samples
#Number of samples
self .N = len(self.list_samples)

def c_tau_0(self):
nnn
Calculates the variance of the samples, that is the
covariance at lag O.
Output: variance of samples (int)

#Mean of samples

u_mean = np.mean(self.list_samples)
#Number of samples
N = self.N

#Calculate the sum of the covariance between the samples.
sum_covariance = sum([np.dot((self.list_samples([i]-u_mean

),(self.list_samples[i]l-u_mean)) for i in range(O0,N)])
return sum_covariance/N

def c_tau(self, tau):

Calculates the covariance of the samples, at any time lag

Input: tau (int) covariance at the given time lag
Output: covariance of samples (int)

mnn

#Mean of samples

u_mean = np.mean(self.list_samples)

#Normalizing constant c(0)

c_0 = self.c_tau_0Q)

#Number of samples

N = self.N

#Calculate the sum of the covariance between the samples.
sum_covariance = sum([np.dot((self.list_samples[i]-u_mean
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),(self.list_samples[i+tau]-u_mean)) for i in range(0,self.N-
tau)l)

def

D

def

return (sum_covariance/(self.N-tau))/c_O

integrated_auto_correlation(self, M):
nmun

Calculates integrated autocorrelation time for a given M.
nnn

#Normalizing constant c(0)

c_0 = self.c_tau_0Q)

#Returns the sum up to M

return 1 + 2*sum([self.c_tau(i)/c_0 for i in range(1,M+1)

asymptotic_variance (self, M):

Calculates asymptotic variance for a given M.

nmnn

#Calculates variance of samples

u_variance = np.var(self.list_samples)

#Returns the sum up to M

return u_variance + 2xsum([self.c_tau(i) for i in range

(1,M+1)1)

def

variance_of_estimator (self, M):
#Calculates estimate of variance of the estimator.
return self.asymptotic_variance(M)/self.N
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Appendix C

Plotting Functions

Functions and Classes used to produce the graphs in Chapter 6.

1 import numpy as np

2 import pandas as pd

3 from scipy import stats
4 import random

6 class Graph_Maker ():

- nnn
7

8 This class is used to make the graphs for a given set of

samples. In particular it can:
-plot 1d samples on a graph.

-plot 1d samples that come form a Gaussian distribution.
-plot 2d samples that come form a 2d Gaussian distribution.
-plot samples from a multivariate Gaussian distribution.

-plot Rosebrock functions, with and without points
-finally it can produce the histograms for the given
distribution the samples come from.

When using the functions one needs to pick the most
appropriate for the samples they have. If one has 1d
sample from a Gaussian distribution you should use the

functions that are appropriate for this type of sample.
nnn

def __init__(self, samples):
#To initalzie we need the samples we wish to plot.
self .samples = samples
self .N = len(samples)

def plot_samples(self, file_name):
nnn
This function scatter the samples so one can
visualize the graph created. Appropriate for
any 1 dimensional set of samples.
Input:

-file_name: name of the file we wish to save (string)

Outputs:

Plots from the samples given.
nmun

#Sample index for the x-axis

99



60
61
62
63
64
65

66

88
89
90

91

Introduction to Inverse Problems and Markov Chain Monte Carlo Methods 100

tight

def

s |Igll’

sample_index = [i for i in range(self.N)]

#Create the plots

fig, ax = plt.subplots(figsize=(20, 10))
#Plot and scatter the points
ax.plot(sample_index,self.samples)
ax.scatter (sample_index ,self.samples)

#Set the lables of the axis
ax.set_ylabel (r'Sample value $x_i$"')
ax.set_xlabel (r'Sample index $i$')

#Save the figure with the name given
plt.savefig('{}.pdf'.format(file_name), bbox_inches = '
', pad_inches = 0)

plot_1D_gaussian(self, mean, sd, burn_in, file_name):
nmun

This function plots the samples from a one dimensional
Gaussian distribution.

Inputs:

-mean: mean of distribution we are sampling from (float)
-sd: standard deviation of distribution we are

sampling from (float)

-burn_in: indicates if we want to highlight first point
which is within 2 standard deviations of the mean (bool)
-file_name: name of the file we wish to save (string)
Outputs:

Plots from the samples given.

nnn

#If true we show burn-in analysis

if burn_in == True:

#Sample index for the x-axis
sample_index = [i for i in range(self.N)]

#Create the plots

fig, ax = plt.subplots(figsize=(20, 10))
#Plot and scatter the points
ax.plot(sample_index ,self.samples)
ax.scatter (sample_index ,self.samples)

#Finding index of fist value within 2sd of the mean
index = 0
for u in self.samples:
index+=1
if (u > mean-2%*sd):
break

#Vertical line to show the index of

#fist value within 2sd of the mean

ax.vlines (index, min(self.samples), max(self.samples)
'-—',label = r"First value of $x_t = x_{{{}}}$ which is

in $\mu \pm 2\sigma$".format (index))
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#Horizontal lines showing the mean,

#and +- 2sd from the mean

ax.hlines(mean, 0, self.N, "r",label =
underlying target distriution $\pi$")

ax.hlines (mean-2*sd, 0, self.N, "b",'--
mu \pm 2\sigma$")

ax.hlines (mean+2*sd, 0, self.N, "b",'--

#Set the lables of the axis
ax.set_ylabel (r'Sample value $x_i$')
ax.set_xlabel (r'Sample index $i$')
#Add a legend

ax.legend(loc="lower right")

#Save the figure with the name given
plt.savefig('{}.pdf'.format(file_name),
'"tight', pad_inches = 0)

#We do not show the burn-in analysis
else:

#Sample index for the x-axis
sample_index = [i for i in range(self.N

#Create the plots

fig, ax = plt.subplots(figsize=(20, 10)
#Plot and scatter the points

ax.plot (sample_index ,self.samples)
ax.scatter (sample_index ,self.samples)

#Horizontal lines showing the mean,

#and +- 2sd from the mean

ax.hlines(mean, 0O, len(self.samples),
\mu$ of underlying target distriution $\pi$")

ax.hlines (mean-2*sd, 0, self.N, "b",'--
mu \pm 2\sigma$")

ax.hlines (mean+2*sd, 0, self.N, "b",'--

#Set the lables of the axis
ax.set_ylabel (r'Sample value $x_i$')
ax.set_xlabel (r'Sample index $i$')
#Add a legend

ax.legend ()

#Save the figure with the name given
plt.savefig('{}.pdf'.format(file_name),
'tight', pad_inches = 0)

def plot_gaussian_mixture_models(self, mean, sd
nun
This function plots the samples from a Gaus
mixture models. With 2 Gaussian.

Inputs:
-mean: mean of distribution we are sampling
from (list of floats)

r"$\mu$ of
',label = r"$\

D)

bbox_inches =

)]

)

r",label = r"$
',label = r"$\

")

bbox_inches =

, file_name):

sian
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143 -sd: standard deviation of distribution we are

144 sampling from (list of floats)

145 -file_name: name of the file we wish to save (string)

146 Outputs:

147 Plots from the samples given.

148 e

149 #Sample index for the x-axis

150 sample_index = [i for i in range(self.N)]

151

152 #Create the plots

153 fig, ax = plt.subplots(figsize=(20, 10))

154 #Plot and scatter the points

155 ax.plot(sample_index ,self.samples)

156 ax.scatter (sample_index ,self.samples)

157

158 #Horizontal lines showing the mean,

159 #and +- 2sd from the mean for first gaussian

160 ax.hlines(mean[0], O, self.N, "r",label = r"$\mu$ of
underlying target distriution $\pi_18$")

161 ax.hlines (mean [0] -2*sd [0], O, self.N, "b",'--',label = r"
$\mu \pm 2\sigma$")

162 ax.hlines (mean [0]+2*sd[0], O, self.N, "b",'--"')

163
164 #Horizontal lines showing the mean,

165 #and +- 2sd from the mean for second gaussian

166 ax.hlines(mean[1], O, self.N, "b",label = r"$\mu$ of
underlying target distriution $\pi_28%")

167 ax.hlines (mean[1] -2*sd[1], O, self.N, "Db",'--')

168 ax.hlines(mean[1]+2*sd[1], O, self.N, "b",'--"')

169

170 #Set the labels of the axis

171 ax.set_ylabel (r'Sample value $x_i$"')

172 ax.set_xlabel (r'Sample index $i$')

173

174 #Save the figure with the name given

175 plt.savefig('{}.pdf'.format(file_name), bbox_inches = '

tight', pad_inches = 0)

177 def plot_histogram_mix(self, pi_s, file_name):

178 e

179 This function plots the histograms for Gaussian
180 mixture models.

181

182 Inputs:

183 -pi_s: are defined by using a stats.norm

184 function and the put into a list.

185 Example:

186 pi_1 = stats.norm([-10],[1])

187 pi_2 = stats.norm([10],[1])

188 pi_s = [pi_1, pi_2]

189 -file_name: name of the file we wish to save (string)
190 Outputs:

191 Plots from the samples given.
192 nnn
193

194 #How generate samples for the analytical distribution
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195 xs = np.linspace(pi_s[0].mean () [0] - 6*xpi_s[0].std() [0],
pi_s[1] .mean () [0] + 6*pi_s[1].std() [0], 500)

197 #Calculate the analytical distribution need
198 #to use the Gaussian_Mixture Class.
199 posterior_analytical = [Gaussian_Mixture(pi_s).pdf(x)/2

for x in xs]

201 #Create the plot

202 fig, ax = plt.subplots(figsize=(20, 10))

203 #Plot the histogram

204 plt.hist(self.samples,density=True,bins=50, label = "
Estimated target distribution", alpha = 0.5, edgecolor='#169
acf ')

206 #Plot the amnalytical distribution
207 plt.plot(xs, posterior_analytical, label = "Analytical
target distribution")

208

209 #Set the labels of the axis

210 ax.set_ylabel ('Probability density')

211 #Adding the legend

212 ax.legend ()

213 #Save the figure with the name given

214 plt.savefig('{}.pdf'.format(file_name), bbox_inches = '
tight', pad_inches = 0)

215

216

217 def plot_2D_gaussian(self, mu, sigma, file_name, plot_type):

218 e

219 This function plots the samples from a 2d Gaussian
distribution.

220

221 Inputs:

222 -mu: vector of means of distribution (list of floats)

223 -sigma: matrix of standard deviatiomns of

224 distribution (list of lists floats)

225 -file_name: name of the file we wish to save (string)

226 -plot_type: if 1 we plot the points otherwise we

227 create a scatter plot(int)

228 -file_name: name of the file we wish to save (string)

229 Outputs:

230 Plots from the samples given.

231 e

232 #change from lists ot np arrays.

233 mu = np.array(mu)

234 Sigma = np.array(sigma)

235

236 #x and y values of our samples

237 x = [s[0] for s in self.samples]

238 y = [s[1] for s in self.samples]

239 #samples indexes

240 sample_chosen_index = [i for i in range(self.N)]

241

242 # Our 2-dimensional distribution will be

243 #over variables X and Y
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N)

N)

#This is used for the mesh grid to be

#able to plot contours

N = 1000

X = np.linspace(mu[0]-5*Sigma [0] [0], mu[0]+5*Sigma[0] [0],

Y np.linspace(mu[1]-5*%Sigma [1][1], mu[1]+5*Sigma[1][1],

X, Y = np.meshgrid(X, Y)

# Pack X and Y into a single 3-dimensional array
pos = np.empty(X.shape + (2,))

pos[:, :, 0] = X

posf[:, :, 1] =Y

def multivariate_gaussian(pos, mu, Sigma):
nnn
Use to define the contour lines.
Return the multivariate Gaussian distribution.

pos is an array constructed by packing the
meshed arrays of variables
x_ 1, x_ 2, x_.3, ..., x_k into

its _last_ dimension.

n = mu.shape [0]

Sigma_det = np.linalg.det(Sigma)

Sigma_inv = np.linalg.inv(Sigma)

N = np.sqrt ((2*%np.pi)**n * Sigma_det)

# This einsum call calculates (x-mu)T.Sigma-1.(x-mu)
#in a vectorized way across all the input variables.
fac = np.einsum('...k,kl1,...1->..."', pos-mu,

Sigma_inv, pos-mu)

return np.exp(-fac / 2) / N

#Gaussian distribution which is used for
the contour plots
Z = multivariate_gaussian(pos, mu, Sigma)

#Create the plots
fig, ax = plt.subplots(figsize=(20, 10))

#Set the labels of the axis
ax.set_xlabel ('$x_1$"')
ax.set_ylabel ('$x_2$"')

#Define the type of plot
#Plot and scatter the points
if plot_type == 1:
ax.plot(x,y, color="black")
else:
ax.scatter(x, y, c=sample_chosen_index)

#Add the contour plot to the figure
ax.contour (X, Y, Z, cmap = 'jet')
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#Save the figure with the name given
plt.savefig('{}.pdf'.format(file_name), bbox_inches = '

tight', pad_inches = 0)

def plot_2D_rosenbrock(self, scale, file_name, plot_type,
show_c):

This function plots the samples from a 2D Rosemnbrock

function.

Inputs:
-scale: how much we want to scale the Rosenbrock
function by (float)
-file_name: name of the file we wish to save (string)
-plot_type: if 1 we plot the points otherwise we
create a scatter plot(int)
-show_c: if true we show the contour lines of
the Rosenbrock function.
Outputs:
Plots from the samples given.
nmun
#Define the Rosenbrock pdf
def Rosenbrock(x,y):
return np.exp (-((100*(y - x**2)**2 + (1 - x)**2)/

scale))

#x and y values of our samples

xs = [s[0] for s in self.samples]
ys = [s[1] for s in self.samples]
sample_chosen_index = [i for i in range(self.N)]

#used to define the meshgrid such
#that we can plot the contour lines
x = np.linspace(-10,10,1000)

y = np.linspace(-10,50,1000)

X, Y = np.meshgrid(x, y)

Z = Rosenbrock (X, Y)

#Create the plots
fig, ax = plt.subplots(figsize=(20, 10))

#Set the labels of the axis
ax.set_xlabel ('$x_13%")
ax.set_ylabel ('$x_2$"')

#Define what type of plot you want
#Plot and scatter the points
if plot_type == 1:
ax.plot(xs, ys, color="black")
else:
ax.scatter(xs, ys, c=sample_chosen_index)

#This is used to define the 1levels

#we want for the contour lines
levels = [0.01,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9]
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probability_contained = np.around(np.repeat(l, len(levels

))-levels, decimals=1)

#Define if want to use see the countor lines.
if show_c == True:
cntr = ax.contour (X, Y, Z, levels = levels, cmap="jet

else:
cntr = ax.contour(X, Y, Z, levels

[0.01], cmap="jet

#Set the limits of the axis

plt.x1im([-8,8]1)

plt.ylim([-10,35]1)

#Save the figure with the name given
plt.savefig('{}.pdf'.format(file_name), bbox_inches

tight', pad_inches = 0)

def plot_2D_rosenbrock_no_points(self, scale, file_name):

This function plots a 2D Rosenbrock function.

Inputs:
-scale: hwo much we want to scale the Rosenbrock £
unction by (float)
-file_name: name of the file we wish to save (string)
Outputs:
Plots from the samples given.
#Define the Rosenbrock pdf
def Rosenbrock(x,y):
return np.exp (-((100*%(y - x**2)*x*2 + (1 - x)*%2)/

scale))

#used to define the meshgrid such that we can
#plot the contour lines

X = np.linspace(-10,10,1000)

y = np.linspace(-10,50,1000)

X, Y = np.meshgrid(x, y)

Z = Rosenbrock (X, Y)

#Create the plots
fig, ax = plt.subplots(figsize=(20, 10))

#Set the labels of the axis
ax.set_xlabel ('$x_1$")
ax.set_ylabel ('$x_2%"')

#This is used to define the levels

#we want for the contour lines

levels = [0.01,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9]
probability_contained = np.around(np.repeat(l, len(levels

))-levels, decimals=2)

#Define if want to use see the countor lines.
cntr = ax.contour(X, Y, Z, levels = levels, cmap = 'jet')
#Defining the legend for the plot
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399 h,1 = cntr.legend_elements("Z")
400 ax.legend (h, probability_contained, title="Probability
Contained",loc="'upper left')

401

402 #Set the limits of the axis

403 plt.Xlim([—8,8])

404 plt.ylim([-10,35])

405

406 #Save the figure with the name given

407 plt.savefig('{}.pdf'.format(file_name), bbox_inches = '
tight', pad_inches = 0)

408

409 def plot_histogram_gaussian(self, mean, sd, file_name):

410 e

411 This function plots the histograms for a one dimensional
Gaussian distribution.

412

413 Inputs:

414 -mean: mean of distribution we are

415 sampling from (float)

416 -sd: standard deviation of distribution

a17 we are sampling from (float)

418 -file_name: name of the file we wish to save (string)

419 Outputs:

420 Plots from the samples given.

421 e

422 #Which values of x to generate samples for

423 #the analytical distribution

424 if (max(self.samples)+1l > mean+3*sd):

425 xs = np.linspace(min(self.samples) -1, max(self.
samples)+1, 500)

426 else:

427 xs = np.linspace(min(self.samples)-1, mean+3*sd, 500)

428

429 #Calculate the analytical distribution need

430 #to use the Normal_Distribution Class.

431 posterior_analytical = [Normal_ Distribution(mean, sd).pdf
(x) for x in xs]

432

433 #Create the plots

434 fig, ax = plt.subplots(figsize=(20, 10))

435 #Plot the histogram

436 plt.hist(self.samples,density=True,bins=50, label = "
Estimated target distribution", alpha = 0.5, edgecolor='#169
acf')

437 #Plot the analytical distribution

438 plt.plot(xs, posterior_analytical, label = "Analytical
target distribution")

439

440 #Set the labels of the axis

441 ax.set_ylabel ('Probability density')

442 #Adding the legend

443 ax.legend ()

444

445 #Save the figure with the name given

107



Introduction to Inverse Problems and Markov Chain Monte Carlo Methods 108

446 plt.savefig('{}.pdf'.format(file_name), bbox_inches =
tight', pad_inches = 0)

449 def plot_histogram_gaussian_multiple(self, mean, sd, samplel,
sample2, sample3, file_name) :

451 This function plots the histograms for 4 one dimensional

452 Gaussian distribution. This is used to show the evolution
453 for different samples on the same target distribution.
455 Inputs:

456 -mean: mean of distribution we are

457 sampling from (float)

458 -sd: standard deviation of distribution we are

459 sampling from (float)

460 -sample_1, 2 and 3: list of a samples you

461 want to compare to (list int)

462 -file_name: name of the file we wish to save (string)
463

464 Outputs:

465 Plots from the samples given.

466 nmnn

467 #How generate samples for the analytical distribution

468 if (max(self.samples)+1l > mean+3*sd):

469 xs = np.linspace(min(self.samples)-1, max(self.
samples)+1, 500)

470 cIiSICH:

471 xs = np.linspace(min(self.samples)-1, mean+3*sd, 500)

172

473 #Calculate the analytical distribution need to

474 #use the Normal_Distribution Class.

75 posterior_analytical = [Normal_Distribution(mean, sd).pdf

(x) for x in xs]

477 #Create the plots (2 by 2)

478 fig, ax = plt.subplots (2,2, figsize=(20, 10))

479

480 #Populate each subplot with the given samples.

481 #first with the samples we used to define the function.

482 ax [0, O0].hist(self.samples,density=True,bins=50, label =
"Estimated target distribution", alpha = 0.5, edgecolor='#169
acf')

483 ax [0, 0].plot(xs, posterior_analytical, label = "
Analytical target distribution")

484 ax [0, 0].set_ylabel('Probability density')

485 ax[0, 0].set_title(r"$N = {}$".format (self.N))

486

487 #Populate each subplot with the given by samplesl.

488 ax [0, 1].hist(samplel ,density=True,bins=50, label = "
Estimated target distribution", alpha = 0.5, edgecolor='#169
acf ')

489 ax [0, 1].plot(xs, posterior_analytical, label = "
Analytical target distribution")

490 ax [0, 1].set_title(r"$N = {}$".format(len(samplel)))

491
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492 #Populate each subplot with the given by samples2.

193 ax[1, O0].hist(sample2,density=True,bins=50, label = "
Estimated target distribution", alpha = 0.5, edgecolor='#169
acf')

494 ax[1, 0].plot(xs, posterior_analytical, label = "
Analytical target distribution")

495 ax[1, 0].set_ylabel('Probability density')

496 ax[1, 0].set_title(r"$N = {}$".format(len(sample2)))

497

498 #Populate each subplot with the given by samples3

499 ax[1, 1] .hist(sample3,density=True,bins=50, label = "
Estimated target distribution", alpha = 0.5, edgecolor='#169
acf ')

500 ax[1, 1].plot(xs, posterior_analytical, label = "
Analytical target distribution")

501 ax[1, 1].set_title(r"$N = {}$".format(len(sample3)))

502

503 #Save the figure with the name given

504 plt.savefig('{}.pdf'.format(file_name), bbox_inches = '
tight', pad_inches = 0)

506 def plot_histogram_log(self, mean, sd, file_name):

508 This function plots the histograms for a
509 log normal distribution.

510

511 Inputs:

512 -mean: mean of distribution we

513 are sampling from (float)

514 -sd: standard deviation of distribution we

515 are sampling from (float)

516 -file_name: name of the file we wish to save (string)
517 Outputs:

518 Plots from the samples given.

= nmnn

520 #How generate samples for the analytical distribution
521 xs = np.linspace (0, max(self.samples)+1, 500)

523 #Calculate the analytical distribution need to
524 #use the Log_Normal_Distribution Class.
525 posterior_analytical = [Log_Normal_Distribution(mean, sd)

.pdf (x) for x in xs]

527 #Create the plot

528 fig, ax = plt.subplots(figsize=(20, 10))

529 #Plot the histogram

530 plt.hist(self.samples ,density=True,bins=100, label = "
Estimated target distribution", alpha = 0.5, edgecolor='#169
acf')

531 #Plot the amnalytical distribution

532 plt.plot(xs, posterior_analytical, label = "Analytical

target distribution")
534 #Set the labels of the axis

535 ax.set_ylabel ('Probability density')
536 #Adding the legend
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ax.legend ()

#Save the figure with the name given

plt.savefig('{}.pdf'.format(file_name), bbox_inches = '
tight', pad_inches = 0)
Functions used to tune the parameters of the reversible and non reversible
samplers.

import numpy as np
import pandas as pd
from scipy import stats
import random

def

tuning_parameter_reversible(beta_s, target_dist, proposal, N,
dim) :

nnn

Function to find the average acceptance ratio for

different values of beta. The output of this function is then
used in the plot_finding_beta function. This is used in the
analysis when tuning beta for reversible samplers.

Input:
-beta_s: list of beta values you are testing (list of float)
Example:

beta_s = [x/10 for x in range (60)]
-target_dist: one of the Classes of target distributions
we introduced.

Example:

target_dist = Normal _Distribution (10,2)
-proposal: proposal density to use one of the
ones from the Proposal Class.
-N: number of iteration each chain should run for (int)
-dim: dimension of the problem (int)

Output:

-list_a_p: a list of average acceptance
probability for each beta value

nnn

#Empty list to keep all average acceptance ratio
list_a_p = []

#Iterate over the beta values
for beta in beta_s:
#Define the proposal for the given beta
proposal = Proposal(beta = beta, pick = proposal)
#Define the sampler for the given proposal
sampler = Reversible_Sampler(N = N, dimension = dim,
target_distribution=
target_dist, proposal=proposal)
#Get the acceptance probabilities
_, a = sampler.Reversible_Metropolis_Hastings_Algo ()
#Calculate the average acceptance ratio
average_acceptance_probabity = np.mean(a)
#Add this value to the end of the list.
list_a_p.append(average_acceptance_probabity)
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47 #Return the all average acceptance probabilities.
48 return list_a_p

50 def plot_finding_beta(beta_s, list_average_acceptance_probabity,
file_name):
nmun
52 Function used to plot the average acceptance
53 probability against beta. This is used in the analysis
54 when tuning beta for reversible samplers.
55 Inputs:
56 -beta_s: list of beta values you
57 are testing (list of float)

58 -list_average_acceptance_probabity: list of average
acceptance
59 probability (list of float)

60 -file_name: name of the file we wish to save (string)
nmun

63 #Create the plot
64 fig, ax = plt.subplots(figsize=(20, 10))
65 #Plot the values

66 plt.plot(beta_s,list_average_acceptance_probabity)

67 #Plot the horizontal for desired average acceptance
probabilty

68 ax.hlines (.234, beta_s[0], beta_s[-1], "r",label = r"§\
alpha$ = 0.234")

69 #Set the labels of the axis

70 ax.set_ylabel (r'average acceptance ratio $\alpha$')

71 ax.set_xlabel(r'$\sigma$"')

72 #Adding the legend

73 ax.legend ()

74

75 #Save the figure with the name given

76 plt.savefig('{}.pdf'.format(file_name), bbox_inches = '

tight', pad_inches = 0)

7s def tuning_parameter_non_reversible(b_s, period, target_dist, N,

dim) :
79 e
80 Function to find the average acceptance ratio
81 for different values of b. The output of this function
82 is then used in the plot_finding_b function.
83 This is used in the analysis when tuning beta for
84 non reversible samplers.
85
86 Input:
87 -b_s: list of b values you are testing (list of float)
88 Example:
89 b_s = [x/10 for x in range (60)]
90 -period: period to update the auxiliary variable
91 in higher dimensions.
92 -target_dist: one of the Classes of target
93 distributions we introduced.
94 Example:
95 target_dist = Normal _Distribution (10,2)
96 -N: number of iteration each chain should run for (int)
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97 -dim: dimension of the problem (int)

98 Output:

99 -list_a_p: a list of average acceptance ratio for

100 each b value

101 e

102 #Empty list to keep all average acceptance ratio

103 list_a_p = [1

104

105 #0ne dimensional case

106 if dim == 1:

107 #lterate over the beta values

108 for b in b_s:

109 #Define the sampler for the given proposal

110 sampler = Non_Reversible_Sampler (alpha= 1, beta = b,
N = N, dimension = dim, target_distribution=target_dist)

111 #Get the acceptance probabilities

112 _, a = sampler.One_Directional_I_Jump_Sampler ()

113 #Calculate the average acceptance ratio

114 average_acceptance_probabity = np.mean(a)

115 #Add this value to the end of the list.

116 list_a_p.append(average_acceptance_probabity)

117

118 #High dimensional target distirbution

119 else:

120 #lterate over the beta values

121 for b in b_s:

122 #Define the sampler for the given proposal

123 sampler = Non_Reversible_Sampler (alpha= 1, beta = b,
N = N, dimension = dim, target_distribution=target_dist)

124 #Get the acceptance probabilities

125 _, a = sampler.N_Directional_I_Jump_Sampler (period)

126 #Calculate the average acceptance ratio

127 average_acceptance_probabity = np.mean(a)

128 #Add this value to the end of the list.

129 list_a_p.append(average_acceptance_probabity)

130

131 #Return the all average acceptance probabilities.

132 return list_a_p

135 def plot_finding_b(b_s, list_average_acceptance_probabity,
file_name):

136 nmnn

137 Function used to plot the average acceptance ratio

138 against b. This is used in the analysis when tuning b
139 for non reversible samplers.

140 Inputs:

141 -b_s = list of b values you are testing (list of float)
142 -list_average_acceptance_probabity = list of average

143 acceptance ratio (list of float)

144 -file_name: name of the file we wish to save (string)
nmmnn

146 #Create the plot
147 fig, ax = plt.subplots(figsize=(20, 10))
148 #Plot the values

149 plt.plot(b_s,list_average_acceptance_probabity)
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#Plot the horizontal for desired average acceptance ratio

ax.hlines (.234, b_s[0], b_s[-1], "r",label = r"$\alpha$ =
0.234")

#Set the labels of the axis

ax.set_ylabel (r'average acceptance ratio $\alpha$')

ax.set_xlabel (r'$b$"')

#Adding the legend

ax.legend ()

#Save the figure with the name given

plt.savefig('{}.pdf'.format(file_name), bbox_inches = '
tight', pad_inches = 0)

Functions used to plot normalized autocorrelation function against lags.

import numpy as np
import pandas as pd
from scipy import stats
import random

class Compare_Covariance ():
nnn
Class used to plot the normalized autocorrelation function
between samples for different samples.

Makes use of the Variance_Analysis class.

def __init__(self, samples_1, samples_2):
#Define the two set of samples we want to compare
self .samples_1 = samples_1
self .samples_2 = samples_2

def compare_lags(self, max_lag, label_1, label_2, file_name):
nmnn
This function plots normalized autocorrelation
function against lag.
Input:
-max_lag: to what lag we want to calculate this for (int)
-label_1: name of sampler which produced samples_1 (str)
-label_2: name of sampler which produced samples_2 (str)
-file_name: name of the file we wish to save (string)
nmnn
#Create Variance_Analysis objects to be able to use
#the functions within them

variance_analysis_r = Variance_Analysis(self.samples_1)
variance_analysis_non_r = Variance_Analysis(self.
samples_2)

#Calculate normalized autocorrelation for different
#lags up to max_lag

covariance_reversible = [variance_analysis_r.c_tau(i) for
i in range(max_lag)]
covariance_non_reversible = [variance_analysis_non_r.

c_tau(i) for i in range(max_lag)]

#Create a list for lags used
lag_reversible = [i for i in range(max_lag)]
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40 lag_non_reversible = [i for i in range(max_lag)]

42 #Create the plot

43 fig, ax = plt.subplots(figsize=(20, 10))

44 #Plot ACF against lag for first set of samples

45 plt.plot(lag_reversible,covariance_reversible,label =
label_1)

46 #Plot ACF against lag for second set of samples

47 plt.plot(lag_non_reversible,covariance_non_reversible,
label = label_2)

49 #Set the labels of the axis

50 ax.set_ylabel (r'ACF ${\varrho}_{\varphil}$')
51 ax.set_xlabel(r'Lag $\tau$')

52 #Adding the legend

53 ax.legend ()

55 #Save the figure with the name given
56 plt.savefig('{}.pdf'.format(file_name), bbox_inches = '
tight', pad_inches = 0)

58 def compare_lags_three(self, max_lag, label_1, label_2,
label_3, sample_3, file_name):
nun
60 This function plots normalized autocorrelation function
61 against lag.For 3 different set of samples where the
62 third needs to be defined in the function call.

64 Input:

65 -max_lag: to what lag we want to calculate this for (int)
66 -label_1: name of sampler which produced samples_1 (str)
67 -label_2: name of sampler which produced samples_2 (str)

68 -label_3: name of sampler which produced samples_3 (str)
69 -sample_3: third set of samples we want to compare

70 -file_name: name of the file we wish to save (string)

71 e

72 #Create Variance_Analysis objects to be able to use the
73 #functions within them

74 variance_analysis_1 = Variance_Analysis(self.samples_1)
75 variance_analysis_2 = Variance_Analysis(self.samples_2)

76 variance_analysis_3 = Variance_Analysis(samples_3)

78 #Calculate normalized autocorrelation for different

79 #lags up to max_lag

80 ACF_1 = [variance_analysis_1.c_tau(i) for i in range(
max_lag)]

81 ACF_2 = [variance_analysis_2.c_tau(i) for i in range(
max_lag)]

82 ACF_3 = [variance_analysis_3.c_tau(i) for i in range(
max_lag)]

83

84 #Create a list for lags used

85 lag = [i for i in range(max_lag)]

86

87 #Create the plot

88 fig, ax = plt.subplots(figsize=(20, 10))
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#Plot lag agaisnt ACF for
plt.plot(lag, ACF_1,label
plt.plot(lag, ACF_2,label
plt.plot(lag, ACF_3,label

all set of samples
= label_1)
label_2)
label_3)

#Set the labels of the axis
ax.set_ylabel (r'ACF ${\varrho}_{\varphil}$')
ax.set_xlabel(r'Lag $\tau$')

#Adding the legend
ax.legend ()
#Save the figure with the

name given

plt.savefig('{}.pdf'.format(file_name), bbox_inches =

tight', pad_inches = 0)
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Appendix D

Imaging Algorithms

Python implementation of the Metropolis Hastings algorithm and the N-Directional
[-Jump sampler with modifications for imaging problems.

import numpy as np
import pandas as pd
from scipy import stats
import random

class Sampler_Imaging():
nnn
This class defines reversible and non reverisible samplers

such that they can be used with images.
nnn

def __init__(self, beta, N, dimension, image, proposal):
#This defines the step size for both reversible and non
#reverisble samplers
self .beta = beta
#N is the number of iterations the algorithm runs (int)

self .N = N
#dimension is the dimension of the state space (int)
self . .dimension = dimension

#Proposal used for the reversible sampler do not need to

define one for non reverisble samplers

self .proposal = proposal

#The target distribution is defined by the image and uses
#the Class_Target, to define the pdf of this distribution
self.target_distribution = Image_Target (image)

#This is the image in raw form, under no transformation.

self.image = image

def Reversible_Metropolis_Hastings_Algo(self):
nnn
Implementation of Metropolis Hastings Algorithm.
For imaging.

Output:
-samples: List of samples which proposal images
-list_acceptance_probaility: List of acceptance

probabilities used for tuning the algorithm.
nmnn
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#We initalzie the first sample at the image flattened.
u_0 = np.around(self.image.flatten())

u_t = u_0
#list of samples generated by the algorithm
samples = [u_0]
#list of acceptance ratio at each iteration
#of the algorithm
list_acceptance_probaility = []
#Proposal of the problem
proposal = self.proposal
#Begin iterations
for t in range(self.N):
#Sample a proposal x_prime from proposal at x_t
u_prime = np.around(proposal.get_random_variable(u_t)
)
#Evaluation of the numerator of acceptance ratio
numerator = self.target_distribution.pdf (u_prime)
#Evaluation of the denomiantor of acceptance ratio
denominator = self.target_distribution.pdf (u_t)
#Calculate acceptance proability
if numerator == O0:
acceptance_probaility = 0
elif denominator == O0:
acceptance_probaility = 1
else:
acceptance_probaility = float(min([1,numerator/

denominator]))

#Add acceptance ratio to

#list_accept

ance_probaility

list_acceptance_probaility.append (
acceptance_probaility)

rv = np.random.uniform(0,1,1)

#Accept or reject step

if rv <= acceptance_probaility:

#Accept:

u_t = u_

samples.
else:
#Reject:

u_t = u_

samples.

we update x_t to x_prime
prime
append (u_t)

we remain at x_t
t
append (u_t)

#return the samples and all the acceptance probabilities

return samples,

list_acceptance_probaility

def Non_Reversible_Metropolis_Hastings_High Dimensions (self,

period):
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self.

Implementation of the N-Directional I-Jump sampler
for imaging.

Input:

-period: periodicity to change the direction of
auxiliary variable y_p. (int)

Output:

-samples: List of samples which are integers.
-list_acceptance_probaility: List of acceptance
probabilities used for tuning the algorithm.

#We initialize the first sample at the image flattened.

x_0 = np.around(self.image.flatten())
x_t x_0

#Define the possible directions we can move in
direction_vectors = np.eye(self.dimension)
#Pick a random direction for auxiliary variable y_p

y_p = direction_vectors[np.random.randint(self.dimension)

#list of samples generated by the algorithm
samples = [x_t]

#list of acceptance probabilities
list_acceptance_probaility = []

#We define variables such that they are the
#posterior distirbution of the problem
posterior_distribution = self.target_distribution

#We inizalize the z indicator random varibale
rv_z = np.random.uniform(0,1,1)
z =0
if rv_z < 0.5:
z =1
else:
z = -1

#Define sgn function which calculates
#the dot product of 2 vectors
#And returns 1 greater than O or -1 otherwise
def sgn(eta,y_p):
x = np.dot(eta,y_p)
if x >= O0:
return 1
else:
return -1

#Define a multivariate normal distribution
#used to propose samples

multivariate_normal = stats.multivariate_normal (np.zeros/(

dimension) ,self.beta**2xnp.eye(self.dimension))

#Define a half space multivariate Gaussian distribution,

f for one direction
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145 def f_pdf(z, y, y_p):
146 x = np.dot(y_p,z-y)
147 if x >= 0:

148 return (2/(2*np.pi*self.beta)**(self.dimension/2)
*np.exp ((-1/2)*np.linalg.norm(z-y) **2))

149 else:

150 return O

151

152 #Define a half space multivariate Gaussian distribution,

153 #g for other direction

154 def g_pdf(z, y, y_p):

155 x = np.dot(y_p,z-y)

156 if x >= 0:

157 return O

158 else:

159 return (2/(2*np.pi*self.beta)**(self.dimension/2)
*np.exp ((-1/2)*np.linalg.norm(z-y) **2))

160

161 #Begin iterations

162 for t in range(self.N):

163

164 # Change direction y_p periodically

165 if t)period == O0:

166 y_p = direction_vectors [np.random.randint (self.

dimension)]

167

168 #Indicator variable telling us in what

169 #direction to move in.

170 if z > O:

171

172 #Create a normal distribution random variable
173 eta = multivariate_normal.rvs()

174 #Sample a proposal x_prime from proposal

175 #at x_t with f.

176 x_prime = x_t + sgn(eta,y_p)*eta

177

178 #numerator of acceptance ratio

179 numerator = posterior_distribution.pdf (x_prime)*

g_pdf(x_t, x_prime, y_p)

181 #denominator of acceptance ratio
182 denominator = posterior_distribution.pdf (x_t)*
f_pdf (x_prime, x_t, y_p)

184 #Calculate acceptance ratio

185 if numerator == O0:

186 acceptance_probaility = 0

187 elif denominator == O0:

188 acceptance_probaility = 1

189 else:

190 acceptance_probaility = float(min([1,
numerator/denominator]))

191

192 else:

193 #Create a normal distribution random variable

194 eta = multivariate_normal.rvs ()
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195
196 #Sample a proposal x_prime from proposal

197 #at x_t with g.

198 x_prime = x_t - sgn(eta,y_p)*eta

199

200 #numerator of acceptance ratio

201 numerator = posterior_distribution.pdf(x_prime)x*

f_pdf (x_t,x_prime, y_p)

202

203 # denominator of acceptance ratio

204 denominator = posterior_distribution.pdf (x_t)*
g_pdf (x_prime, x_t, y_p)

206 #Calculate acceptance ratio

207 if numerator == 0:

208 acceptance_probaility = 0

209 elif denominator == 0:

210 acceptance_probaility = 1

211 else:

212 acceptance_probaility = float(min([1,

numerator/denominator]))

214 #Add acceptance ratio to
215 #list_acceptance_probaility
216 list_acceptance_probaility.append (

acceptance_probaility)

218 #Sample a random variable [0,1]
219 rv = np.random.uniform(0,1,1)

220

221 #Accept or reject step

222 if rv <= acceptance_probaility:
223 #Accept

224 x_t = x_prime

225 samples.append (x_t)

226 #leave z unchanged

227 z = z

228 else:

229 #Accept update x_t to x_prime
230 x_t = x_t

231 samples.append (x_t)

232 #update the indicator z

233 z = -1*xz

234 #We return the samples and all the

235 #acceptance probabilities

236 return samples, list_acceptance_probaility

Python target distributions the Metropolis Hastings algorithm and the N-
Directional I-Jump sampler for imaging problems. In particular for the posterior
distribution defined in equation 7.8.

I import numpy as np

2 import pandas as pd
from scipy import stats
4 import random

6 class Image_Target ():

120



28
29
30
31
32
33

Introduction to Inverse Problems and Markov Chain Monte Carlo Methods 121

This is the target distribution for imaging problems.
We need to define the prior and likelihood to be
able to use this as the posterior distribution.

def

def

__init__(self, image):

nmun

To initialize we need to pass an image through this,
that is an nxn np.array. With values between 0 to 264.
nnn

self.image = image

#n is the dimension of our problem

self .n = image.shape [0]

#we flatten the image to be the mean of the likelihood
self.flatten_image = image.flatten ()

prior_J_TV(self, x):

nmnn

We are defining the Total Variation (TV) prior in
this function for a given image x.

input:

-x:is a flattened n by n image (n by n np.array)
output:

-prior: the value of the prior for the image x (int)
nmnn

#This is the dimension of the image

n = self.n

#Reshape the image

X = x.reshape((self.n,self.n))

#Here we define the circulant matrix D
first = np.array([-1]1+[1]+[0 for i in range(n-2)])
last = np.array ([0 for i in range(n-2)]+[-1]1+[1])
D = first
for i in range(n-2):
D_i = np.array ([0 for i in range(i)]+[-1,0,1]1+[0 for
range (n-3-1i)1)
D = np.vstack((D,D_i))

D = np.vstack((D,last))

#get the number of rows and collumns of matrix D
n, m = D.shape

#We calulcate the expression for the TV prior
#Multiply image X by D

X_D_t = X@D.T

#Multiply D by X

D_X = D@X

#We need to iterate over these matrices. Square and
#add these values together, by definition of TV prior.
prior = 0
#range over the columns
for i in range(m):

#range over the rows

for j in range(n):
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#Sum each individual entry of X_D_t and

#D_X together

prior = prior + np.sqrt(((X_D_t)[i,jl)**2 + ((D_X
) [i,31)*x2)

#Return the prior value
return prior

def pdf(self, x):
Posterior distribution of image. Evaluates pdf of an
image x.
#The likelihood is defined in
#the later part of the expression
return self.prior_J_TV(x)*(np.exp(-1/2*(np.linalg.norm(
self.flatten_image-x)) **2))

Functions to calculate Conditional Mean, Maximum A-Posteriori Estimate

and Mean Square error for images.

def

def

MAP (images, target_distribution):

nnn

Calculates the Maximum A-Posteriori Estimate of a target
of interest given samples in this particular case for images.
Input:

-images: images to be evaluated produced

by an MCMC method (list)

-target_distribution: where these

images are evaluated at.

Qutput:

-best_image: image with highest

target demnsity (image)

#set max value to O

max_value = 0
#let the best image be the first sample
best_image = images [0]

#iterate over the images
for image in images:
#if a new sample has higher target probability
if target_distribution.pdf (image) > max_value:
#update the max value

max_value = target_distribution.pdf (image)
#update best_image
best_image = image

return best_image

CM(images) :

nnn

Estimates the Condtional Mean of a set of sample.
Input:

-images: images to be evaluated produced

by an MCMC method (list)
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def

Output:
-CM of the images.

#get the first image

image_1 = images [0]

#iterate over the other

for image in images[1:]:
#add current image with the next

image_1

images

image_1 + image

#return the mean of all the images together
return (1/len(images))*(image_1)

MSE (actual ,

pred) :

Calculates the MSE between the actual vector and the

predicted vector.

In imaging this is simply

the difference between the original and the estimate.

actual,

pred = np.array(actual), np.array(pred)

return np.square(np.subtract (actual ,pred)) .mean ()

Helper functions for image processing provided by Dr Aretha Teckentrup.

import PIL.Image

import matplotlib.pyplot as plt

import numpy as np

import scipy.ndimage

from scipy import stats

__all__ =\

L
"empty_true_color",
"gaussian_filter",
"get_bit_plane",
"imhist",
"imread",
"imscale",
"imshow",
"imshow_reduced_color_depth",
"imwrite",
"linear_filter",
"median_filter",
"rank_filter",
"zero_bit_plane"
]
5 def _img_a_cast(img_a, dtype, true_color=False):
img_a = np.maximum(img_a, 0)
img_a = np.minimum(img_a, 255)
img_a = np.round(img_a, O0)
img_a = np.array(img_a + 1.0e-6, dtype=dtype)
if len(img_a.shape) == 2:
if true_color:
img_a_gs = np.zeros((img_a.shape[0],
3),

dtype=dtype)

img_a.shape[1],
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def

def

for k in range(3):
img_a_gs[:, :, k] = img_a
return img_a_gs
else:
return img_a
elee:
if len(img_a.shape) != 3 or img_a.shape[2] != 3:
raise RuntimeError ("Unexpected image type")
return img_a

imread(filename) :
img = PIL.Image.open(filename, "r"
return np.array(img, dtype=np.int64)

imscale (img_a, factor, interpolation="nearest"):

nnn

Scale an image.

M, N = img_a.shapel[:2]

M_scaled = int(max(round(M * factor, 0), 1) + 1.0e-6)
N_scaled = int(max(round(N * factor, 0), 1) + 1.0e-6)

img_a = _img_a_cast(img_a, dtype=np.uint8)
img = PIL.Image.fromarray(img_a)
img img.resize ((M_scaled, N_scaled),
resample={"nearest": PIL.Image.NEAREST,
"bilinear": PIL.Image.BILINEAR,
"bicubic": PIL.Image.BICUBIC,
"lanczos": PIL.Image.LANCZOS}[

interpolation])

return np.array(img, dtype=np.int64)

def imshow(img_a, new_figure=True):

>

img_a = _img_a_cast(img_a, dtype=np.uint8, true_color=True)

if new_figure:
plt.figure ()
plt.imshow (img_a)
plt.xticks ([])
plt.yticks ([])

imsave (img_a, file_name, new_figure=True):
nnn

Save an image.
nnn

img_a = _img_a_cast(img_a, dtype=np.uint8, true_color=True)

if new_figure:
plt.figure ()
plt.imshow (img_a)
plt.xticks ([])
plt.yticks ([])

plt.savefig('{}.pdf'.format(file_name), bbox_inches = 'tight'

pad_inches = 0)
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def

linear_filter (img_a, W, *xkwargs):

Adds a linear filter W to the img_a.
img_a = _img_a_cast(img_a, dtype=np.int64)
W = np.fliplr(np.flipud(W))

if len(img_a.shape) == 2:
img_filtered_a = scipy.ndimage.convolve(img_a, W, *x
kwargs)
else:
assert len(img_a.shape) ==
assert img_a.shape[2] == 3
img_filtered_a = np.zeros_like(img_a)
for k in range(3):
img_filtered_al[:, :, k] = scipy.ndimage.convolve(
img_al:, :, k], W, **xkwargs)

3

return _img_a_cast(img_filtered_a, dtype=np.int64)

10s def gaussian_filter (img_a, sigma, **kwargs):

109

110

111

nnn

Adds a gaussian filter variance sigma to the img_a with
variance.

nmmn

img_a = _img_a_cast(img_a, dtype=np.int64)
if len(img_a.shape) == 2:
img_filtered_a = scipy.ndimage.gaussian_filter(

img_a, sigma, **xkwargs)
else:
assert len(img_a.shape) ==
assert img_a.shape[2] == 3
img_filtered_a = np.zeros_like(img_a)
for k in range(3):
img_filtered_al[:, :, k] = scipy.ndimage.
gaussian_filter (
img_al:, :, k], sigma, **kwargs)

3

return _img_a_cast(img_filtered_a, dtype=np.int64)
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